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Unitary and nonunitary evolution in quantum cosmology
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We analyze when and why unitarity violations might occur in quantum cosmology restricted to minisuper-
space. To this end we discuss in detail backscattering transitions between expanding and contracting solutions
of the Wheeler-DeWitt equation. We first show that upon neglecting only backscattering, one obtains an
intermediate regime in which matter evolves unitarily but which does not correspond to anydifgero
equation in a given geometry since gravitational back reaction effects are taken into account at the quantum
level. We then show that backscattering amplitudes are exponentially smaller than matter transition amplitudes.
Both results follow from an adiabatic treatment valid for macroscopic universes. To understand how back-
scattering and the intermediate regime should be interpreted, we review the problem of electronic transitions
induced by nuclear motion since it is mathematically very similar. In this problem, transition amplitudes are
obtained from the conserved current. The same applies to quantum cosmology and indicates that probability
amplitudes should be based on the current when backscattering is neglected. We then review why, in a
relativistic context, backscattering is interpreted as pair production whereas it is not in the nonrelativistic case.
In each example the correct interpretation is obtained by coupling the system to an external quantum device.
From the absence of such external systems in cosmology, we conclude that backscattering does not have a
unique consistent interpretation in quantum cosmol¢§P556-282(99)03312-3

PACS numbd(s): 98.80.Hw

[. INTRODUCTION can be described by a WKB wave function, then one should
factor out this WKB wave and interpret the remainder as the

Quantum gravity suggests the possibility of nonunitarywave function of matter which evolves according to the
evolution. In particular singularities and regions of strongSchralinger equation.
curvature, such as black holes and the big bang, are natural Therefore, when investigating the problem of unitary vio-
places where such effects could occur. However, in thesktions, two problems must be confronted. The first one is
cases, the lack of the comprehension of Planck scale physi¢gchnical and concerns the precise mathematical character-
precludes us from reaching any definitive conclusions. ization of the corrections to the Scldiager equation which

More surprisingly, when the universe is macroscopic andare due to the abandonment of the two restrictions. In this
the curvature is small, the possibility of nonunitarity re- respect, it should be mentioned that most approaches have
mains. Moreover, in this long wavelength regime, it seemsept as starting poinfi.e. as an ansakzhat the total wave
unavoidable that quantum gravity implies the Wheeler-function can be factorized into a gravitational wave charac-
DeWitt (WDW) equation[1,2] (truncated to a finite set of terizing the background and the rest which is still interpreted
modes so as to eliminate ultraviolet problémisice this con- as the matter wave function. It is then very difficult to dis-
straint expresses and guarantees reparametrization invatinguish the intrinsic corrections from the those due to this
ance. factorization ansatz.

Thus the theoretical basis for investigating unitarity vio-  The second aspect is more fundamental and has to do with
lation in quantum cosmology seems well established. Nevetthe interpretation of the wave function of the universe
theless, no definite analysis has been carried out, even M (a,¢), solution of the WDW equationa( designates the
minisuperspace. Indeed, in the literature one finds either pruscale factor an@ matter variables in a minisuperspace con-
dent discourses which avoid the problem or claims rangindext). In particular, in order to address the question of pos-
from “there are no unitary violations’3] to “there are fi-  sible violations of unitarity, one must know how to extract
nite violations of unitarity”[4]. the wave function of matter when matter is not in a tight

In order to understand the origin of the difficulties which wave packet. Several proposals have been made in the litera-
have hindered previous work on this question, it is necessarture; sed 8] for a review. Two of the most specific are the
to recall how the usual unitary evolution of qguantum matterconditional probability interpretation wherein the probability
in a given four-geometry is recovered from the WDW equa-to find ¢ atais given by| W (a, ¢)|%/fd¢| ¥ (a,$)|? and the
tion. This has already been thoroughly investigai@d14]  Vilenkin [4] interpretation which is based on the current car-
and it is now well understood thiftthe wave function is in  ried by ¥ (a, ¢).

a tight wave packet, i.e. if the spread of matter energy is In this paper, by exploiting the generalized adiabatic treat-
small, andif gravity can be treated semiclassically, i.e. if it ment of[14], we circumvent the difficulties which have hin-
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dered previous work. The major advantage of this treatmentarity follows from the ordered nature of the WKB propaga-
is to organize the WDW equation in such a way that thetion of a.
corrections to the two approximations can be separately and (i) When backscattering amplitudes are not neglected,
systematically analyzed before adopting any interpretatiofinatter evolution is drastically modified in the sense that mat-
scheme. We then focus on the possibility of unitary viola-ter states associated with forward and backward propagating
tions in the light of the mathematical properties of theseuniverses interact. This directly follows from the second or-
corrections. Our analysis will be restricted to minisuperspacéler character of the WDW equationd.
models. In a subsequent paper, we intend to extend it to These results follow from the separation of the length
cosmologies characterized by many variables. scales Wh|ch govern the dynam|cs in quantum cosmology
The first important conclusion of this wotkvhich gener- when the_ universe is macroscopic. The Compton wavelength
alizes that of13]) is that when matter is not in a tight wave °f & 1/p. is much smaller than both the Compton wavelength

packet but in the absence of backscattering between waves & typical matter degree of freedom and than the time over

i -1
with positive and negative gravitational momentiwihich which the geometry changes,p/p) .

correspond to contracting and expanding univerge onl In the second part of this artic{&ecs. VI-X) we address
b 9 P 9 v Y the problem of interpretation. As basis for the discussion, we

o 1L POy nsider two physical examples whose mathematical de-
our analysis, it will also be clear why when matter is in ageiintion is similar to the WDW equation. These examples
tight wave packet, i.e. when both approximations mentioned, ¢ ejectronic nonadiabatic transitions during atomic colli-
before are exact, different interpretations, such as the prolsjons and pair creation in an external potential. The manner
ability or the current interpretations, become equivalent. i which the wave functions should be interpreted in these
The second point of this article is to analyze the impor-examples is standard textbook material. Nevertheless, it is
tance of the effects induced by backscattering of gravitavery instructive to delve in detail into the mathematical and
tional waves. We show that because of destructive interferphysical bases of these interpretations in order to see if they
ence, the amplitude for a forward wave to backscatter ispply to quantum cosmology.
proportional to expf d,p/p?) wherep is the momentum oé. In both cases the conserved current serves as a basis for
This is much smaller than previous estimates that suggestesktracting predictions from the theory. The basic mathemati-
that the amplitudes were proportional to the quantifg/p>  cal reason is that this is the only quantity which is conserved
itself. by virtue of the equations of motion. In cosmology, in the
The third main conclusion concerns the consequences fa@bsence of backscattering, this procedure leads unambigu-
matter evolution of the couplings induced by backscattering_QUSW to the current interpretation. In this derivation, the ex-
We show that even though these transition amplitudes can Hgtence of well-separated length scales plays also a crucial
precisely evaluated, it is impossible to deduce what are eX_r_ole:_lt provides the possibility of asking questlp_ns concern-
actly their physical consequences. That is, quantum cosmolPd light degrees of freedom under the condition that the
ogy is an incomplete theory that does not carry its own in"€avy one is propagating forward and located in a small
terpretation. Happily this incompleteness only manifestd'€ighborhood. o _
itself at the level of backscattering and therefore concerns 1he other important point is that when backscattering be-
exponentially small effects. tween _the forw_ard_ anql backward_ propagating waves occurs,
To reach these conclusions we address successively t/#& additionalprinciple is required in order to interpret back-
mathematical and interpretational aspects. In the first part ofcattering amplitudes. Moreover, this principle differs for the
the article (Secs. 1=V}, we carry out an analysis of the WO examples. In each case, it is dictated by the_ poss@hty of
WDW equation which does not make the ansatz that mattefOUPling the system to a quantum external device which can
should be in a tight wave packet. Dropping this ansatz ha§Ct @ @ measuring device. In quantum cosmology, no such
already been advocated|[ib0—13. Here we shall follow the exter_nal quz_intum dev!ce can be mtroduced,_and it is t_here-
treatment of{ 14] (see also the earlier work ¢.5]) which fore |mpossmle to decide wh|ch of thgse two mterpretatlons,
does not require the validity of the WKB approximation. OF Possibly a completely different third one, applies to the
Thus it can be used to obtain quantitative estimates for bot§/PW equation. Hopefully the resolution of this problem can
amplitudes to backscatter and effects of widely spread wavgltimately be obtained from a deeper understanding of the
functions. From this treatment one unambiguously estabinner (i.e. ultravioley structure of quantum gravity.
lishes the following:
(i) When backscattering amplitudes can be neglect_ed and Il BACKSCATTERING
matter is in a tight wave packet, matter obeys the Schro
dinger equation in the background defined by the center of In view of the importance of backscattering effects in the
the wave packet, thereby recovering the situation of Refsproblem of unitarity violation in quantum cosmology, it is
[6,4,3. appropriate to understand clearly why backscattering occurs
(i) When matter is no longer in a tight wave packet, butand how to compute backscattering amplitudes. To this end,
backscattering amplitudes are still neglected, matter obeyswe first consider the simple problem of a universe in which
Schralinger-like equation wherein evolution is parametrizedmatter stays in a given eigenstate of constant energg,, .
by a and wherein gravitational back reaction effects are in-This enables us to study the corrections to the WKB approxi-
cluded at the quantum level, i.e. not only in the mean. Unidimation unencumbered by the details of matter evolution.
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This analysis will serve as a guide to the next sectionThe second kind of corrections are due to the couplings be-
wherein the matter Hamiltonian no longer commutes withtween the forward and the backward solution. They describe
the WDW equation. the backscattering amplitudes engendered battiependent
With this mathematical simplification, the WDW equation effective potentiaV,(a)=V(a) +2aGE,.
in minisuperspace reduces to one degree of freedom moving We are interested in the second corrections since, as we
in a potential shall later see, these are the relevant ones for the problem of
unitarity violations. To analyze them we rewrifle as
H{¥P=[G23+V(a)+2aGE,]¥=0 1)
— *
where G is Newton’s constant. The gravitational potential ¥ =Col@)xn(@)+ Dr(@)xn (), ®
V(a) comes from the curvature of spa(fer instance,V= _ _ *
—a’+Aa’ in a closed universe with a cosmological con- 9a¥ =1Pn(@)[Cn(@) Xn() = Dr(@) xn (A)] ©6)
stantA).

The WKB solutions to Eq(1) with unit Wronskian are  The coefficients,, and D, are uniquely determined by these
a equationg 17] and the conserved curref\/ronskian takes
exp{—if da’'py(a’)

the simple form
Xn(8)=
" V2p,

and its complex conjugate, where p,(a) Differentiating Eq.(5) and comparing with Eq(6) yields

=(1/G)V(a)+2aGE, is the classical solution dfl;=0

@ Wi g, =|Cy(a)|?>—|Dn(a)|?>=const. (7)

when matter has enerdy,,. These solutions correspond to * aPn
expanding and contracting universes. 3aCnXn(@)+ daDpxp (8)— 2p, [Cn(@)xn(a)
This identification relies on a sign convention which we .
now explain. First one expandss usual when building +Dy(a)xy(@)]=0. (8)

wave packetsthe phase in Eq2) around a reference energy ) ) ) ) _
Inserting Eq.(6) into Eq. (1) and using Eq(8) yields first

E to obtain order coupled equations
a -
eX _| dal a/ D (9 a
. % .f Pa(@") %%ziﬂgmwi—mjdam,
n
2p, ’

(€)

. fa rﬁp — _ﬁo"apn F{ .fa
xexr{—lj daa_E(E"_E))' 3) 0aDp= 2 b, expg +2i | dap,

Classical mechanics tells us thaip/JE|z_g==dt/da  Which are equivalent to the original WDW equatith.

wheret_(a) is the proper time obtained from the classical From Eq.(9) one reads that the mstantane(_)us coupllng
) . — between the forward and backward propagating waves is
trajectory ofa driven by the reference matter energy The

Lo : : ; proportional tod, In p, times an oscillating phase. Thus, na-
*+ sign corresponds to expanding and contracting univers&gely, one would think that backscattering effects are of order
respectively. Thus we obtain d, Inp,. However, when the effective potenti®l,(a) is

a slowly varying (i.e. in the WKB limit aapn/pﬁ< 1) this is
ex;{ =i f da'pn(a’)| B incorrect because successively backscattered waves destruc-
xn(a)= e it(@)(Ey—E) (4)  tively interfere. This destruction is so effective that the back-
\/2_|on scattering amplitude is exponentially small.
To establish this, suppose that there are two asymptotic
If one adopts the usual convention that the phase dependenggjions,a<a_ anda>a. whereinV,=const and hence the
on energy and time should lse '*n', then one must take the \WKB approximation is exact. Let us consider the solution
— sign in Eq.(4). Hencey, corresponds to an expanding which initially contains no backward propagating wave:
universe andyy to a contracting universe. Obviously this Dy(a<a_)=0 andC,(a<a_)=1. The backscattering am-
choice is purely conventional and has nothing intrinsic to it.plitude is thenD,(a>a,). It can be calculated perturba-
The problem of defining an intrinsic arrow of time in quan- tively by takingC,=1 in Eq.(9) (for a more rigorous justi-

tum cosmology is a delicate one, and we shall briefly returrfication of this result sef18,16)):
to it at the end of this paper.

There are two kinds of corrections to the WKB solutions. 1 9.pn (2 ,
The first are corrections to the phase and norng,pénd y* Bn:Dn(oo)”—“f da; — —ex +2'f da’ pn(a’)
. n . Pn
separately. They are obtained by a standard calculation in
which one writesV? = A€’ inserts this ansatz into E¢l) —exd 2i [ dar , 10
and calculates\ and S as series irfi; see for instancg16]. =exp <l a' pp(a’) . (10
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The second approximation follows from the fact that in the(¢) is macroscopic. Instead we are considering usual field
WKB limit, the integral is dominated by thécompley  configurations such thdip)=0 but with(H,,)# 0 and mac-
saddle poina* wherep(a*)=0. For instance whek,(a) roscopic.

has a minimum ata=ay: V,(a)=v,+(Vi/2)(a—ag)? This second condition breaks the otherwise existing sym-
+0((a—ag)®), the saddle is located ata*=a, metry between the radius of the univemsend the matter

+i\2v,/V! and the backscattering amplitude i%,(+ ) degrees of'freedom. It ensures tlzgais the hgaviest and is
70,126V therefore singled out to parametrize ttransitions among

=@ n upon neglecting cubic and higher order neighboring matter states
fe”T‘S !na—ao. The lessons from this exercise are the fol- We therefore postulate a neat separation of length scales:
owing: . . . . . the Compton wavelength d/of the universe is much smaller
: (i) The naive estimate of the backscatterlng_ qmplltude 'Shan both distance over which the momentum of gravity
lﬂnaclﬁrrser(r:]téu,lé\ more detailed analysis shows that it is EXponenéhangesxq Inplda)* (i.e. approximately the Hubble radius

y j and 1/€,—E,), the time scale associated with a typical

.. . . - 2
mir(1lilr)n Ifr;haet k|nteht|cneﬂr:ergy if griwr?;#vﬁ(a)/?r )mhasr ai nmatter transition. We emphasize however that our treatment
” Ao, tEN NE backscatlering arises from a reglofg eyact. That is, we do not neglect corrections; we simply

: _ 2 —-1/2 H.
of width Aa=[(1/p,)) d5Pn] around the minimum. postulate that they are small.

However, when the effective potential,(a) does not Since the matter transitions are the lightest, they should be
have adequate asymptofic regions, it is impossible to isolalgeateq quantum mechanically. This is implemented by mak-
unambiguously a backscattering amplitude. Indeed, since thg, a4 adiabatic expansion for the matter states, following
WKB approximation is no longer asymptotically exact, 0ner14 15 On the other hand the radius of the universe is the
needs an additional principle to distinguish backward fromy,qyiest degree of freedom, and satisfies the WKB condition;
forward classical motion. This situation generally arises inhance we shall make a WKB expansion for the gravitational
cosgnologzl. For instance, for a de Sitter unlve[‘s;??)= waves. This double expansion is the basic tool we use to
—a“+Aa" and backscattering around arazA far analyze Eq(11).
from the turning point results from interference over a dis-  The adiabatic expansion for matter is realized by making

tanceAa=a. So itis impossible to isolate the backscatteringihe instantaneous.e. at fixeda) diagonalization of the mat-
arounda from the effects due to the turning pointat 2. A ter Hamiltonian

similar situation obtains for a matter dominated universe

V,(a)=—a’+2aGE,: one cannot isolate the backscatter- |2|M(a)|¢n(a)>:En(a)wn(a»,
ing around a givera from the contribution of the origira
=0 and the turning poinh=2GE,. In these cases, effects (m(@)| ()= Smn - (12

at the turning pointgfor instance boundary conditions at ] o o .
curs in intermediate regions. way. Letp, be the classical momentum if matter has energy

E,(a):

ll. WHEELER-DeWITT EQUATION —G?p3(a)+V(a)+2aGE,(a)=0. (13
IN MINISUPERSPACE

. . . Then we generalize E , (6) and decompos as
We now generalize the previous analysis to the case when g a%), (6 posg)

the matter Hamiltonian is not constant. Our aim is to find the fa
equivalent of Eqs(9) so as to be able to reveal the interplay exp{ —1 j pn(a’)da’
between matter transitions and backscattering effects. We |\If(a))=2 Cn(a)

thus consider n

vZpn(a)

A~ a
[G292+V(a)+2aGHy(m, ¢,a)]|¥(a))=0 (11) ex +if pn(a’)da’
. +Dy(a) [¥n(@)),
whereH), is the matter Hamiltonian operator. It depends on " V2pn(a) "
the matter coordinateg, and their conjugate momenta (14)

anda. Notice that the wave functiojW (a)) is expressed as
a ket only for the matter degrees of freedom. a

Our analysis of the solutions of E¢ll) is based on a exr{—if pn(a’)da’
double hypothesis. First we require that the universe be mac- 9/ (a))= E —ipn(a)| Co(a)
roscopic. This condition is satisfied if the radius of the uni- n \V2p,(a)
verse is larger then the Planck length and if the total matter
energy(Hy) is larger than the Planck mass. This condition EX[{‘Fi Jap (a’)da’
guarantees that the propagationaofs WKB, i.e. d In p/da n

<p. Second, we require that no individual matter quantum —Dn(a) e [¢m(@)).
dominate the kinetic energy of gravity. That is we do not Pn(a)
consider the case of an inflaton field whose expectation value (15
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These equations univocally define tieandD,, coefficients it includes gravitational backreaction effects at the quantum
and ensure that these coeficients are constant in the limigvel, i.e. not only in the mean.

wherein both the WKB approximation and the adiabatic ap- Unitarity directly follows from the fact that the right hand
proximation are exact. Moreover, using these expressionside (RHS of Eq. (18) is antisymmetric. This can also be
the conserved current yields the simple expression deduced from Eq(16) and the fact that the coefficients
Cn(a) andD,(a) evolve independently. To see more explic-
ity how this Schralinger character is obtained, we define
two effective matter wave functions associated respectively
with the expanding and contracting sectors:

(i3] ¥)y=2 |Cy(a)|*~|Dn(a)|?=const.  (16)

Taking the derivative of Eq.14) and comparing with Eq.
(15) yields a relation betweed,, D, and their derivatives
which generalizes Eq8). Then inserting Eq(15) into the

a
exp(—if p,da’
V2pn

WDW equation(11) and using this relation gives |¢;ff(a)>:; )
GaC= S (a2 exp(ifamn—pm)da' Co Xl exp(ifap da’ |i 7, ¥ (a))
m7n 2\pnPm " " ?

aapn . a a
+ 2pﬂexp<2|J p,da|D, =§n‘, Cn(a)exp<—if pnda’ ||yn(a)),
Pn=Pm (e
+ E (?a m n eXF{ | ( n+ m)da’ Dm — . a
- (Fathml 9o >2m J PaTP |¢eff(a)):; Dn(a)exp<+|f pnda’ ||yn(a)).

(17 (19

and the same equation witfy«—D,,, i< —i. These equa- They obey Schidinger type equations
tions areequivalentto the original WDW equation. The es-

sential advantage of this rewriting is that it neatly separates
the backscattering effects encoded in the last two terms from
the matter transitions in the forward sector which are de- R
scribed by the first term. As an important consequence, iwhere the Hermitian operatdi¢; plays the role of Hamil-
enables the WKB approximation to be implemented withouttonian. It is defined by its instantaneous diagonalization in
factorizing, as usually done in former analyses, a gravitathe basiqyn(a)):

tional wave common to all matter states, i.e. without being

*i3a| barr) =Her( @) darr) (20)

obliged to make the hypothesis that matter is in a tight wave . _ (Vpn—Vpm)?
i Hett(@) nm= 5nmpn(a)+|<‘9 wml ‘ﬁn)—
packet in energy. e a
2\ PnPm

(21)
IV. UNITARY EVOLUTION
When the WKB conditiony,p/p?<1 is fulfilled, there is The peculiar form of the second term arises from the inter-
o ’ ay between the RHS of E¢18) and the derivatives acting

. al
no backscattering and one can correctly neglect the couplln%n X i )
between the forward and backward propagating waves. On@" the[#n()) in the left-hand sidéLHS) of Eq. (20).
Thus, in the absence of backscatterigg;; have the fol-

thus obtains two uncoupled evolutions for forward and back- ' :
ward propagating universes. The equation governing the fol®Wing properties:
ward sector is (i) ¢e+g is decoupled frompg ;.
(if) ¢q1¢ are local in the sense that they depend only on
|¥(a)) andd,| ¥ (a)) ata.
Cr- (iii) ¢qo¢¢ Obey a linear equation, since they depend lin-
(19) early on the original ketW¥(a)). Thus they still obey the
superposition principle.
This equation has two nice propertigist]. First it describes ~ (iv) Their norm is constant sindd.¢(a) is Hermitian:
the unitary evolutiohof matter as a function af and second

_ Pnt Pm [
aacn_n;n <&a‘/’m|¢n>2\/—exﬁ{|j (Pn—pPm)da

n~m

(der(@ler(@) =2 [un(@) b= 2 ICa(@)|”

'Some authorg19] have advocated that the WDW equation

should be replaced by a first order equatio@jrso as to eliminate =const, (22)
backscattering and guarantee unitarity. In our setting, this would

correspond to postulating that E(L8) is the “correct” equation

governing quantum cosmology. 2Equation(21) corrects an error ifil4].
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(v) If one works with wave packets tightly centered  Sincea(E,—E,,) is much smaller tha p? (by virtue of
around a mean energ& ¢eff obey the time dependent the hierarchy of length scales discussed alowee can ex-

Schrcdmger equation gz =H M(a+)¢eff where  Pandp,—py in powers ofE,—E,. Keeping only the first

— : . . term in this series, one flnds that the transition is given by the
Hu(a:(t)) is the matter Hamiltonian of Eqe11),(12) with usual expression controlled by the imaginary time to reach

a.(t) describing respectively the classical expansion or conthe saddle point times the difference of energy of the matter
traction of the universe driven tﬂ To see this, as in Egs. states; se€l4] for further discussion of matter transitions in
(3), (4), it suffices to develop the state dependent functmn:quantum cosmology.

p,(a) around the mean valtm(a) To first order inE,,— E,
the second term of Eq21) vanishes and the first one gives V. CONSEQUENCES OF BACKSCATTERING

A o o o To determine the range of validity of the truncated equa-
Hei#(@)nm= Snnit (P(2) + dgp(a)(E,— E)}. (23)  tion (18), one must compute the importance of the effects
induced by backscattering. These effects arise when one
abandons the WKB approximation. In this respect, it should
— = _ . N be stressed that there are two types of corrections to this

_.ﬁE.p(a)E}]. which plays no physical role, this dlagohal ma- approximation: local ones which can be evaluated by ex-
trix is |dent|call to that defined by thg matter Eamllt(?nlan panding the wave function as a seriesi16] and global
[see Eq(12)], since the overall factafgp(a) = =da. /dtis  ones which mix forward and backward waves. Only the latter
precisely what is needed to conveitin J; in Eg. (20). lead to drastic modifications of matter evolution. Thus, one

(vi) When one drops the tight wave packet approximationghould differentiate “in the WKB approximation” from “in

Herr, defined in Eq(21), includes gravitational back reac- the absence of backscattering.” Our computation of back-
tion effects to the matter propagation which dependnon scattering amplitudes shall be based on E) and shall
These are encoded in the nontrivial dependenge,d) on proceed as in Eq$24) and (10).
E, and in the second term on the right hand side. Then, OQur first conclusion is that these amplitudes are exponen-
matter evolution must be parametrizeddgince it is mean-  tjally small, whether or not matter dynamics are neglected.
ingless to call upon a mean time parameter. The new feature with respect to Sec. Il is that in Ebj7)

In conclusion, we claim thap;; defined in Eq(19) are  there are now coupling terms betwenand all D,,. This
the unique functions o¥ which have these properties. The |eads to the fact that the relative amplitude to backscatter
only ambiguity lies in the definition of the WKB approxima- into different states is approximately thermal, with the in-
tion since one could modifp, in Eq. (19) by local terms of  verse temperature given by the twice the imaginary time
orderp,[1+0O(d In p,/da)] without modifying these proper- needed to reach the saddle point. These backscattering tran-
ties. This ambiguity reflects the choice of normal ordering ofsitions modify in a fundamental way the structure of the
the operatoﬁg in Eqg. (11). However, these modifications are evolution of the coeficients§,, since the evolution no longer
negligible in the WKB regime. closes onto itself. This implies two unusual features: first, an

Before discussing the role of backscattering effects, wenitially purely forward wave packet will inevitably leak out
wish to recall that Eq(18) is a convenient expression when into the backward sector and, second, knowledge of the ini-
matter evolves quasiadiabatically, that is when the distanctal values of theD,, is necessary to determine the evolution
scale over which matter makes transitions, given byof the(, .
[dIn(E,—E.)/da] ™!, is large compared to the wavelength Let us first analyze the backscattering without a change of
(E,—E.) ' In this case one can easily calculate the nonathe matter state. The second term of Ekj) has exactly the
diabatic transition amplituda,,, ., from |, to|¢,). More-  same form as the term studied in Sec. Il. Thus it can be
over, it proceeds along lines very similar to the computatioranalyzed in the same way: let us suppose that the effective
of the backscattering amplitudg, in Eqg. (10). Indeed, one potential V,(a) =V(a)+2aGE,(a) has a minimum at,,

Up to a term proportional to the identity= 5nm{5(a)

first neglects transitions and s&s= §,,,, for all values ofa. and that we can apprommateﬁ2 =V, (a)=V,(a,)
Then one inserts this zeroth order solution in Etf) and  +(V//2)(a—a,)?. Then, if the universe is purely forward
integrates ovea to obtain propagating in state for a<a,, that isCy,(a<a,)= dym
andD,,(a<a,)=0, the amplitude to backscatter into matter
An_n=Cy(a= +x) staten is D,(a>a,). As in Sec. Il this amplitude can be

perturbatively calculated by the saddle point technique. The
saddle is the solution gb,(a%)=0 and it is located a&};

=a,+iy2V,(a,)/ V5. Upon neglecting higher order deriva-
tives of V,,(a), the amplitude to backscatter is

fdawawmlwn) J—eXp( f (Pn—Pm)da

ZGXD( i fada’(pn(a’)— Pm(a’)]].

(24) mVh(an)

B, .,=D,(a>a,)=exp — ———
n—n n( n % G\/Z_\/;;

77 *
=ex _Epn(an)lm(an) .

In the second line, as in Eq10), we have evaluated the
integral by saddle point. The saddle is now at the complex

valuea solution ofp,(a)=pn(a). (25)
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The quantity which appears exponentiated is the ratio of the VI. INTERPRETATION: INTRODUCTION
distance over whicV,(a) change$ =Im(a})] to the wave-
length of the u.niverseré 1./p”)' It is the ratio of the longest retations of the wave function of the univerde, This re-
length scale in thg universe to~the shortest Therefor ects contradictory views that are held on what the wave
Pn(an)Im(ay)>[pa(a) — pm(a)]im(a) [cf. Eq. (24)], since  function should describe and what it should predict. How-
the second expression is controlled by ttiéference B ever, the question of interpretation is, to a large extent, de-
—Pm. ThusB,_, is exponentially smaller thaA,_.,,. Itis  termined by mathematical and physical consistency.
this latter inequality which determines the validity of the first  |n order to develop a coherent interpretation we shall first
order equatior{18). consider simple physical systems—electronic nonadiabatic-
The backscattering with change of matter state is mediity in atomic or molecular collisions and particle creation in
ated by the last term in Eq17). It can be evaluated in the external fields—whose mathematical formulation is ex-
same way and is given by tremely close to the WDW equation in minisuperspace mod-
els. For these systems the interpretations, i.e. the procedures
that must be used to extract predictions from the theory, are

The literature on quantum cosmology abounds with inter-

B~ xda P Pn—Pm known. They can thus serve as guides to suggest the inter-
n=m-— ], {Fathm| Yrn) 2 /pnpm pretation in quantum cosmology but also as laboratories to

formulate the restricted set of questions that we, living in the
universe, can ask in quantum cosmology. We then return to
the WDW equation and compare different interpretations of
¥ that have been proposed in the literature.

(26) The first conclusion of this investigation is that, upon ne-
glecting backscattering, the current interpretation of Vilenkin
appears to be singled out as the only consistent one. Indeed,

wherea* is the saddle point solution qf,(a*)+ py(a*) it leads to probability amplitudes which satisfy the usual

=0. To evaluate this saddle point integral, we define theo_roperties of quantum amplitudes: the .super.position prin-

— . ciple and decoherence of remote configurations are both
mean energyE(a) = (E,+Ey)/2 and expand the |r£egrand guaranteed. This is not the case if one adopts the conditional
to first order inEn(a) —Ep(a): pa(a’) +pm(a’)=2p(a’)  probability interpretation. This interpretation instead does
+(E,— E) dep. This yields make sense for systems on which localized external devices
can interact. Therefore it is inoperative in quantum cosmol-
ogy since no such external system can be introduced.

The second point concerns the physical interpretation of
backscattering for the two examples. In each case, an addi-
tional principle, also based on the possibility of coupling the

Xexr( —ZJImT*dt(En—Em)) 27) system to an external device, is required to reach the correct
0 interpretation. In cosmology, no such principle is available
and therefore the interpretation of backscattering remains
* - ) _ambiguous. For instance whether or not one should “third
whereT* =% da’dgp is the time to reach the saddle point 4 antize” and attribute some statisticiowould modify the

in the mean geometry. Thus th'e relative distribut?on of thephysical consequences of the backscattering amplitudes.
backscattered states is approximately thermal with the ex-

xexp(+ifada'[pn<a'>+pm<a'>]

Zexp(ifa*da’[pn<a’)+pm(a')]

|Bn_>m|2~—~exp{—4 Im(fa da’p(a’)

i -1
tremely low temperature given by (2 fit) ™. VIl. ELECTRONIC NONADIABATICITY
. In the above we have neglected the fact that backscattgar— IN ATOMIC COLLISIONS
ing can take place in several steps. For instance one can first _ o o
backscatter from matter stafg, to matter staté,,, and then Let us begin by considering the problem of two colliding

change matter state frof,, to D,,. Such multistep transi- atoms. After factoring the center of mass coordinate and the
tions can compete with the direct transition. Determiningtotal angular momentum, the residual Hamiltonian looks like
which channel is dominant is a difficult tagkee for instance
[20]). Nevertheless, a rough calculation of these multistep
backscatterings shows that the result based on the direct
channel gives a correct estimate: the amplitude to backscatter
is an exponentially small quantity governed by the total mo-WhereRis the relative distance between the two nudkeihe
mentump, and the backscattered states are approximatelynomentum conjugate t&, andg; ,p; the electronic coordi-
thermally distributed. nates. If we consider an energy eigenstate of this Hamil-
Note that if the(unusual sign of the kinetic term of grav- tonian,
ity were positive instead of negative, then the opposite would 5
be true and backscattering to states with higher matter ener R ~
would be favored. Mathe?natically this cha%ge comes abOL?ty ~om V(R FHe(dpiR) [Ve(R)=E[Ve(R),
becauselep would have the opposite sign. (29

PZ

Hatom:m

+V(R)+He(R,qi,pi) (28)
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it has exactly the same structure as the WDW equation itial state of the atom. Let us therefore suppose that the atoms
minisuperspace; see E@.1). Indeed in both cases there is a are initially in their ground state and approaching each other,
heavy degree of freedorfihe scale factoa or the nuclear i.e.C,(R=+%)=§,9. According to Born, the probability for
coordinateR) and light degrees of freedofthe matterg) or  the atoms to end up in stateis | D,(R= +)|. The math-
the electronsy;). Because of this similarity, the same tech- ematical basis for this identification is the conservation of the
nigues can be applied to both equations. Wronskian [dg W Ei dgVe. Indeed, since the nuclei repel
The simplest approximation consists in treating the cooreach other, the regioR<0 is inaccessible and one must
dinateR classically as a given function of tim&(t). Then impose¥g(R=0)=0. Hence the Wronskian vanishes ev-
the residual degrees of freedom, the electrons, propagate a@rywhere(since it vanishes aR=0). Therefore, if one ex-
cording to the time dependent equatiomd;|ie) pands¥ ¢ in terms of forward and backward coefficierdis

_ He|(R(t),q,p)| We)) and the nonadiabatic dynamics are en-andD, as in Sec. llI, the vanishing of the Wronskian implies

2_ 2 i i —
coded in the transition amplitudes from one instantaneoul"a! Ezfﬂcln(Rm _22“|D“gi)| ' '”28""1”'“;1'."’“5 'f2”|C“(R_h
eigenstate to another orfeandau-Zener effegt +0)|?=1, thenZ,|Dy(R=+=)[*=1 which expresses the

If these transitions are too energetic or the motiofiRaé conservation of probfab|llty dun_ng th_e scattering process.
In order to deal with dynamically induced backscattering
governed by a too spread out wave packet, the backgrou . . I
field approximation is no longer correct. Then one must which occurs in quantum cosmology is necessary to con-
PP ‘onger, . ider situations in which the wave function is not restricted
solve Eq.(29) and the techniques discussed in Sec. Il shoul

be b h b lecting back . ¢ 0 vanish at a certain place. For instance one can think of a
e brought to beaf15]. Upon neglecting backscattering ef- single atom moving in one dimension in a static but inho-

fects but taking recoil effects into account, one obtains dnggenous electric field. The Scldinger equation for the

second regime in which the dynamics is governed by theyom has the same form as E89), but nowR is the posi-

equivalent of Eq.(20): Schralinger like equations for the {jon of the atom and theR dependence ofV(R)

electrons in terms of the amplitud€s(R) andDy(R) asso-  +H, (R,q,p) is due to the electric field. Consider an atom

ciated respectively with forward and backward WKB wavesijncoming fromR= — = in a given energy eigenstatg. This

governing the inward and outward motion Bf In these s implemented by requiring that the solution satisfy the fol-

equations, unitarity is respected for tfieandD, amplitudes  lowing boundary conditioné,CnO(R: —0)|?2= Sn.n,: Since

separately and the role of time is played by the heavy coorere is no atom incoming frorR= +c, one should also

dinate R. When backscattgrl_ng effects R cannot be ne-  jmposeD, (R= +)=0 for all n. By these boundary condi-

glected, these effective Scliager equations are no longer tions one specifies what are the in-modes, i.e. modes which

valid and one obtains the third situation wherein one muspossess a well-defined semi-classical behavior in the remote

solve the full equations for coupled,,D, system, the past. In this determination, there is an identification of the

equivalent of Eq(17). asymptotic waves carrying a unit Wronskian with the corre-
The sole difference between the atomic problem and theponding classical trajectories obtained by the stationary

WDW equation in minisuperspace is the sign of the kineticphase condition applied to wave packets or by identifying

energy of the heavy nuclei which is positive whereas that oflirectly the wave length times with the momentum of the

a is negative. This difference only plays a role in the third particle. )

situation wherein it affects the identification of in and out ~Upon solving the full(untruncateyl Schralinger equation

modes and the spectrum of backscattered states; see the f&ie obtains both the asymptotic amplitudes for the atom to

mark at the end of Sec. V. As far as the light degrees ofontinue over the potential barrief,(R=+), as well as

freedom are concerned, the second regimes in atomic physiéd0se to be reflected by the potential(R= — ). Unitarity

and in cosmology are completely analogous. is expresseo! by the equality of the ingoing current to the sum
For this reason it is very instructive to review the inter- ©f the outgoing currents:

pretation of the solutions of Eq29). Indeed, the aspects

which are often glossed over in textbooks are precisely the .

ones needed for the interpretation of quantum cosmology. Ir! dgVEi dg¥e=1=|Cy (R=—2)|?

particular, we shall discuss two compatible but nevertheles

different schemes of interpretation. In the first, one restricts

- — )2 - 2
the analysis to asymptotic amplitudes to find the system in a _2 | Do(R=—0)] +; |Ca(R=+22)]
given state. In the second scheme, it is the wave function
itself which is interpreted at all times. Upon investigating the (30

relationship between these schemes, the separation of the
length scales governing electrons and nuclei will again play a We emphasize that in Born’s interpretation the identifica-
crucial role. tion of the quantitiesD,,,C,(R= *=x) as scattering ampli-
The first interpretation, proposed by Bdral], concerns tudes and, hence, unitarity follow from the internal structure
scattering amplitudes. In the present case as well,(E2). of Eq. (29) and the use of asymptotic waves normalized to
describes a scattering event and the main question one waniait Wronskian for alln. An external concept was only nec-
to answer(and to compare to experimental daisthow the essary to identify the asymptotic incoming and outgoing
amplitude of finding a certain final state depends on the inimodes(i.e. the left and right move)s
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The essential simplification of this interpretation is that (R
one considers only asymptotic states. This leads naturally to ex 'J pndR
the question of whether one can also give an interpretation to |¥¢(R,q)|?= > Ch(R)

the electronic dynamics in the intermediate region. The co- n V2pn(R)

efficients C,(R) and D, (R) are natural candidates for this R 2
interpretation since they generalize to firfiR¢he coefficients ex;{ —i f pnd R}

that were the basis for the asymptotic interpretation. More- +D,(R) a| ¥ (R)
over, this is also supported by the fact that, when back- " V2pn(R) (al¥n(R))
scattering can be neglected, they obey a Stinger like (33)

equation with a Hamiltonian that tends in the limit of infi-

nitely heavy nuclei to the time dependent electronic Hamil-Thijs quantity is wildly oscillating because of the interference
tonianH (R(t),q,p). terms betweer€,(R) and D,(R). These interferences arise
To further investigate this question, we now turn to thefrom the localized measuring device which has interacted
second interpretation of the solution of EG9). In this  strongly with both the electrons and the nuclei. Since we are
interpretation—which for reasons of simplicity is generally interested only in the electrons, we would like the measuring
the first one presented in textbooks¥e(R,q)|? is inter-  device to interact weakly with the nuclei. Thus we consider a
preted as the probability for the atom to beRain electronic  measuring device that interacts with the nucleus over a cer-
configurationq. The basis for this interpretation is twofold. tain range ofR, and with a certain momentum Sensitivity_
First if one considers time dependent solutidh§,R,q) of  That is we consider the probability that the nucleus be in a
the Schrdinger equation, then there is a conserved current,, o, o packetpRO’PO:ef(RfRo)zlAzeiRPO/\/m where as an

example we have taken a Gaussian packet. If the inteérval
satisfies bothlA>1/p,, and A<(drInC,) !, the probability

2 =
W (t,R,0)|*+ drIr+ dqdq=0 @D amplitude to find the nuclei in statez_ p, is approximately
where .
f dRQDRO,PO(R)‘PE(qu)Zg Cn(Ro){al¥n(Ro))
Jr=T*idgl, J=V*ij,V. (32 e~ [Pn(Ro) —Po1?A2
X (34
V2pn

Hence it is consistent to interprg¥ (t,R,q)|? and therefore
|¥e(R,q)|? as probability densities; see e[@2]. The sec-
ond basis, due to von Neumaf3], is the following: if we

couple the atom to an idealized measuring deviicigially in

the state Xz=0, X;=0) through a coupling
5(t)|q)|R>PXqPXR<q|<R| where Py, and qu are the vari-
ables conjugate tXg and X, the measuring device will 1C.(Ro)|?
record outcomeR,q (i.e. Xg=R andX,=q) with probabil- ol
ity | W (t,R,q)|% 2pn(Ro)

An essential point to note about these two arguments is

that they both necessitate the introduction of external con'S the probability that the electrons are in staiéthe nuclei
cepts which are useith situ and no longer only asymptoti- &€ in the intervaR,* A. Recalling we are working at fixed

cally: in the first case, external time and, in the second, th&ctal energyE and thaip,(Ro) is proportional to the speed of
local measuring device. For this reason the application of€ nuclei, it follows that what we have calculated is the
this second interpretation will be problematic in quantumProbability for the electrons to be in statenultiplied by the
cosmology since these external concepts cannot be invokeBMe they spend in the interva® = A. This confirms the

It is now very instructive to show that this Interpretation ofC,(R) as the probability amplitude for the
interpretation—when used with care—is consistent with the€lectrons to be in stae _
S matrix interpretation. In particular, we shall show when In this derivation the identification af,(R) as electronic
and why the second interpretation also implies that the coef@Mplitudes is inevitably approximate. Indeed E84) fol-
ficientsC,(R) andD,(R) should be interpreted as the ampli- lowed from the fact that the wa}velength of the nucleus and
tudes for the electrons to be in statavhen the nuclei are that of the electrons are very different. The same separation
propagating forward and backward(aetter nearR. In this, of length scales was also the justification for neglecting the
the necessity of having well-separated length scales is cru-

where we have neglected theR dependence of
Ca(R){q|#n(R)) over the intervalA, and dropped the expo-
nentially small contribution of th®,, coefficients. Thus only
the amplitudes with momentum in the intenR*+ 1/A are
selected. From this expression it follows that

(35

cial.

Consider the pr_obabili’d/\IfE(R,q)|2 that the atom is aR SFor the same reason in relativistic theory one must remove
and the electrons in statg In terms of the coefficientS,(R)  1/y2w from scattering matrix elements in order to get probability
andD,(R) it takes the form amplitudes. This is known as the reduction formula.
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coupling between forward and backward propagating modewhen the electronic length scales are well separated from the
in Eq. (17), thereby obtaining a Schdanger equation for the nuclear length scales, this stochasticity is exponentially
forward propagating coefficients only. Thus, this separatiorsmall.

is twice used in order to reach an interpretatiorCefR) as

the amplitude for the light degrees of freedom to be in state VIII. RELATIVISTIC PARTICLE IN AN

n. ) EXTERNAL FIELD

We now turn to the consequences of backscattering. In
this caseX,|C,(R)|? is no longer constant. How is this in-  In order to further investigate the relationships between
terpreted in the context of electronic nonadiabaticity? the conservation of the Wronskian, the identification of the

To address this question, consider a generic solution ofisymptotic solutions and the interpretation of the wave func-
Eg. (29 in the context of the atom propagating in a back-tions, another situation should be considered: the Klein-
ground field so that the whole real axise<R<+ is Gordon(KG) equation governing the propagation of a rela-
accessible. For such a solution, none of the coefficient§vistic particle in an external field. This example has in
Cp(x ), Dy(x») are zero. Using the equality common with the WDW equation a Lorentzian signature;

i.e., the quadratic form determining the kinetic energy term
is not positive definite.
2 |Cn(+oo)|2+2 | Dy (—)|? This analogy has been emphasized by many auttsees
n n e.g.[24] for a discussion at the classical levahd has been
used to advocate the necessity of performing a “third quan-
:2 |Cn(—oo)|2+2 | Dy (+ )| (36) tization.” Indeed, in the case of the relativistic particle, uni-
n n tarity is implemented by carrying out a “second quantiza-
tion.” The difference with the nonrelativistic case is that the
the probability to be in state and forward propagating at \Wronskian is no longer interpreted as a particle current den-
R=+xis sity but as a charge density. This follows from a different
identification of the in and out asymptotic modes which in
turn dictates the new interpretation.

2
P(Cy(+2))= [Cal+=2)] (37) Let us review these features by considering the propaga-
2 c (+°°)|2+2 1D (— )2 tion of a charged patrticle in an external electric field. We
n n AT g
n n shall take for simplicity the electric field to be homogeneous

and to point in thex direction. We impose that the electric

) o ) _ field vanish fort— —o0 and fort— +o which provides us
when the WKB approximation is asymptotically exact. This yith asymptotic regions in which the momentum is constant
probability is a highly nonlocal concept since it involves the ng therefore the modes are exactly WKB. The Klein-
co_eff|C|entsCr, a_man at + and — infinity respectively. For  gordon equation in the gauge=0, A= f(t), A,=A,=0
this reason it is a relevant and useful concept only for anskes the form
external observer who has access to both the forward and
backward waves aR= *+o. However, there are many rel-
evant quantities which are local R Moreover, these quan-
tities govern the physical outcomes when one is in the sec-
ond regime wherein backscattering is neglected. In addition
light subsystems can presumably only ask questions concerlvriting ¥ = e' (k< ky+ka2) ¢, (), one finds thatp, obeys the
ing these quantities. An example of such a local quantity isquation
the relative probability to be forward propagating in state
or statem at R= +oo:

{F—[axt+ieA(t)]—do— a5+ m? ¥ =0, (39

[02+ Vi (1) ]¢=0 (40)
PCa(+=)) _[Cl?
PCn(+%))  |Cul®

(38)
whereV,(t) = [Ky+eA(t) 12+ K} +kZ+m?.
This equation is identical to that studied in Sec. Il and can
In such local quantities the absolute normalization involv-be analyzed in the same way. To reach an interpretation one

ing a mixture ofC, andD, coefficients disappears. However, first needs to identify the in-mode describing a particle in-
they do not obey a closed equation since @heare coupled coming fromt=—c. This is achieved by decomposinby
to theD,,. Thus, the effect of the backscattering is to modify as Cy(t) xi(t) + Di(t) xk (t), where x(t) is the WKB solu-
the effective Schrdinger equation for the forward propagat- tion with unit positive Wronskian of Eq40). The in modes
ing coefficientsC,(R) into a stochastic equation, where the are then given by imposing the boundary conditjGp(t=
stochasticity is given by the absence of knowledge a forward-)|?=1,D,(t=—)=0. (Notice that the condition on the
propagating subsystem has about the backward propagatimgefficientD, is applied on the same “side” of the potential
part of the solution. At the end of the calculation an averagen opposition to what is done in the nonrelativistic cages
must be taken over the unknown coefficiefls. Happily, in the nonrelativistic case, the potent\|(t) induces back-
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scattering effects and both the coefficiedis and D, are equivalent, even if one restricts oneself to the dynamics of
nonvanishing at= +o. The conservation of the Wronskian the internal degrees of freedom.
now reads To second quantize one first selects a complete set of
modes with only positive frequency &t —«, ¢L“ to which
. one associates a particle destruction operafpr To the
1= f d3XP*i g, ¥ =|C(t=—)|? complex conjugate of these modes one associates an antipar-
ticle destruction operatds'. If we neglect backscattering,
=|Ct=+2)[>=|D(t=+=)>.  (41)  then the number operatoM,, = =iay @ and Nagti— part
=3,bi"b}" commute with the second quantized Hamil-
How should one interpret these coefficientsatr and, in  tonian. The Fock space then decomposes into noninteracting
particular, the fact thaf,(t= +)>1? This is the content of Sectors. The simplest sector is the vacy@n The first non-
the Klein paradox that was discussed in the early days offivial states are the one particleor antiparticle states
relativistic quantum field theorf25]. >, f(k)al""|0). These states are exact analogues of the for-
Probably the simplest way to reach a physical understandwvard propagating modes in the atomic example of the previ-
ing is to proceed as in the nonrelativistic case by buildingous section, and should be interpreted in the same way. The
wave packetsin k) and following the classical trajectories next states are the two particle sta¥gse f(k,k') aL”TaL",T|O>
they describe. One then finds that the wave packets made Qo ref is symmetric or antisymmetric according to the sta-
Cxx follow, both for early and late times, the trajectories of yiqties of the field. Sincédoes not factorize into a product of
a positive charged particle. But the part of the wave paCketa function ofk andk’, the interpretation of this state cannot

: A ) . ;
prr10port(|jonal t'tcl) Dk)flfh follﬁws trajectotr_les c;fthne%sltlvelyk_ reduce to that of one particle states. Moreover, the statistics
charged particles. Thus the conservation of the VWrons I‘""'Blay a role in the determination of the final amplitudes since

EXpresses charge conservation an_d_ the decompqsmoﬂkmto &he presence of a particular quantum modifies the spectrum
andD is a decomposition into positive and negative charge of transition amplitudes through either Bose enhancement or

icles. i =+ . . . . .
_pamcles Hence the extra charge carne_d by(tlg(e *) Pauli suppression. Whether or not this has an interpretation
is compensated by the presence of antiparticles that reach

— 001 | Dy(t=+2)|2>0. Another more mathematical way from the point of view of an internal degree of freedom is
to reach this conclusion is to note that Eg9) is invariant unclear.. o .
under gauge transformations, and that the Wronskian is the The S|tuat|qn is worse when one takes backscattering into
charge associated with the gauge fidlg. account: In this case, thg number operators no Ionggr com-
Once this is realized one still faces the problem of extractMute with the Hamiltonian because of the nonvanishing
ing (probabilistio predictions from the theory. This is done character of the Bogoliubov coefficierflg ., [calculated in
by second quantizing’: the coefficientC, becomes an op- EGs.(25) and(26)] relating in and out modes. This implies
erator destroying a particle of momentudmin this frame-  that in order to determine the amplitude to find a given state
work, one establishes that in addition to the “elastic” scat-K in the one particle sector, it is necessary to know all the
tering of initial (antjparticles, one is describing pair initial amplitudes(in Fock spacgto find particles and anti-
creation. Even in the in-vacuum state, pairs of particles ar@articles. Thus the amount of initial data needed in order to
spontaneously created with probability amplitudes governeéxtract exact predictions from the theory in the one particle
by the backscattering amplitudg,=D,(t= +) calculated sector is(infinitely) larger than in the nonrelativistic case.
in Eq. (10), which in this context are called Bogoljubov co- For this reason third quantization is not a very attractive
efficients. If some particle is initially present, one finds thatalternative since it diminishes the predictivity of quantum
there is also induced emission. By this reasoning the conclicosmology. Furthermore, the additional ingredients which
sion that the Wronskian is expressing charge conservatiofinposed second quantization, namely the presence of an ab-
relied on an external input, namely thiain Eq. (40) is an  go|yte time and of a gauge field coupledito are not present
external time which was allowed to follow asymptotic mo- j, quantum cosmology. For these reasons it seems advisable,
tion. Moreover, the prediction that many pairs can be proj, the apsence of additional strong arguments in favor of i,

duced can be checked experimentally. ; i
i i not to resort to third quantization in quantum cosmology.
We now discuss how these new effects modify the dy- q q gy

namics ofinternal degrees of freedom. The most natural way
to implement internal degrees of freedom is to go back to Eq.

(39) and take the momenta along tRey,z directions to be |y ~oNDITIONAL PROBABILITY INTERPRETATION

th'e' additional degrees. of _freeqiom. The model becomes non- BASED ON THE NORM OF W
trivial when the electric field is not homogeneous, so that
ky,Ky K, are not constants of motiofthey can be replaced In the light of the previous examples we now return to the

by adiabatic constants of motion as in Sec).IThe choice interpretation of the WDW equation.

of how the field should be second quantized is dictated by For many authors, conservation of probability is a neces-
the spin-statistics theoref26]; i.e. ¥ is either a bosonic or sary requisite for quantum cosmology to possess a coherent
a fermionic field. The important conclusion for us is thatinterpretation. The most widely adopted scheme which
these different second quantization procedures are namplements from the start unitarity and conservation of prob-
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ability is the conditional probability interpretatig@7,3].* In It reduces to the usual expressiBg(a)=|Co|? only when

this interpretation one identifies po(a)/pi(a)=1, i.e. whenEy=E;. ThereforePy(a) varies
onceEy+# E; through the ratio of the two gravitational mo-
_ V(a,d) mentap, andp, entangled with the two matter states by the
deif(a,P)= (42 constraint. The more remote these energy are, the bigger the
Vjdg¥(a,¢)* ¥ (a,¢) effect since the associated momenta will be more different.

Moreover, upon taking into account backscattering effects,
as the amplitude of probability to find matter in stateat  the probability receives in addition to the continuous compo-
radiusa. By construction the norm square anfeff is con- nent a rapidly oscillating component with frequency,2
stant, independently of the validity of the WKB approxima- whose origin is the interference between expanding and con-
tion or any other condition. tracting solutions.

The main problem with this construction is that;, In our opinion, these two properties are sufficient to reject

contrarily to ¢;:ff defined in Eq(19), does not obey a linear the condltlongl_pr_obablllty interpretation. Bef_ore explaining
equation(since ¥ does. Therefore it does not satisfy the our reasons, itis mterestmg to recall why.a_5|mllar construc-
superposition principle. This can be ignored as long as onHon can be meaningful for a nonrelativistic atom. In that
considers tight wave packets such that the factorization of §25€, the probability to find the atom in electronic stgte
single gravitational wave, common to all matter states, offer&inder the condition that it be & is indeed given by Eq.
a good approximation. However, once the spread in mattef#2): What does give meaning to this expression is the pos-
energy is large, the probabilities significantly vary even inSiPility (@nd the necessinyof coupling the atom to a local-
the total absence of interactions. To see this suppose that tied external device so heavy that its own recoils be negli-
matter Hamiltonian has only two instantaneous eigenstate&Ple. Only then does the factquo/p, in Eq. (44) take

|o) and|y,). Then, in the WKB regime, the wave function meaning as the relative time each state interacted with the
of the universe is detector, and only then can the forward and backward waves

give rise to the interferences at frequency,2But if one
a couples the atom to a measuring device that does not signifi-
ex;{—if dapy(a) cantly disturb the motion of the nuclésee Sec. VI, one

V(a))=C obtains the current interpretation based on &%) instead
| )=Co V2pp(a) [¥o) that based on the norisee Eq(33).
a To present our arguments against ) we first recall
exp{—if dap,(a) the foII(_)wing point._ In quantu_m_ mechanips, from solutions
ie 43) of the linear equation determining evolutigwhich can be
1

either the Schidinger or the WDW equatignone obtains
that very remote states neither interact nor interfere. From

|ih1)-
v2py(a)
Let us further suppose that it is impossible to make transithis mathematical property and the conventional interpreta-

tions from state O to state 1. Then the instantaneous states dfgn ©f probability amplitudes, one then gets that the prob-
truly stationary,d.| o) =da| ;) =0, and the coefficients, abilities of such remote states do not influence each other.
wa a il

andC, are constant. Using the conditional probability inter- But this fundamental decorrelation of remote configurations
pretation, one then finds that the probability for finding mat—does not Obta'f‘ in Ec(.44?. . . :
ter in statel ¢) is From an epistemological point of view, the fact that lin-
earity of the WDW equation does not reflect itself in a
1Col? simple property of the physical probabiliti¢g,|? is dis-
- 0 _ (44)  turbing. Indeed, if linearity does not manifest itself in a
|Co|2+[po(a)/pr(a)]|Cql? simple way at the level of observation, why insist that we
start with a linear equation? We might as well introduce
nonlinearity at the level of the WDW equation directly.
4althouah t th " itional it In our opinion, thg only way to save thls_ interpretation
ough [3] does not use the name “conditional probability probably requires to first restrict the applicability of £E42)

interpretation,” it implicitly adopts it. Indeed ifi3] the decompo- iahbori | hen i Id be of
sition of the wave function into a gravitational and a matter wave ist0 neighboring states only. But then its status wou eoran

uniquely fixed by imposing that the matter wave satisfy
Jdoxt(a,¢) xs(a, ) =const. Hence ys(a,¢) is identical to
beri(a, @) defined in Eq(42). 5Some authors have proposed to introduce an additional variable
Another recent paper that claims that matter evolves unitarily inp such that the modified WDW equation reads,V=HV,
quantum cosmology[28] contains mathematical errors. Indeed thereby recovering a situation similar to that of an atom in a time
#(hy) in Eq. (7) must carry an index since the equation it obeys dependent state. It is then very tempting to interfieta, ¢, 7)|2
depends om (see[10] for a discussion of this dependende But as the probability to find and ¢ at . However, since in cosmol-
this implies that the second term on the right hand side of(Bl). = ogy one must restrict oneself to questions such that only little mo-
is non Hermitian. Furthermore, the third term proportionalXas mentum is transferred ta, one recovers the current interpretation
non Hermitian(it would only be Hermitian if integrated over,). of Eq. (38) (see Sec. VIl Thus this latter interpretation naturally
Hence the conclusion ¢28] that =, |c,|? is constant is incorrect.  arises irrespective of the use of an additional variable as time.

P(yola)
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approximate character rather than a starting point fromamples) In cosmology, an external time does not exist and
which all solutions of the WDW equations can be inter-thus the eventual determination of forward motion in time,
preted. i.e. the arrow of time, should be intrinsic. Presumably, the
answer is thermodynamic: if the matter is out of equilibrium,
then the arrow of time is determined by the direction in
X. VILENKIN INTERPRETATION WITHIN THE WKB which entropy is increasing. This point of view was recently
REGIME advocated in the gquantum cosmological contex{28]. If
Of the different interpretations of the wave function of the this is indeed the case, quantum cosmology is incomplete
universe which have been proposed, the closest to the physiince it can only be interpreted for macroscopical universes
cal examples presented above is that of Vilerjdih as gen- ~ containing enough degrees of freedom so that thermodynam-
eralized in[13]. Indeed the essential lesson of these exJCS applies. For such universes, the hierarchy of matter and

¢, and D,. This is not surprising since these coefficients Therefore it appears that only macroscopic universes can be

have the following mathematical properties: meaningfully investigated and interpreted.

(i) The conserved current is expressed most simply in
terms of thes_e Coeffici_ents upon Working with modes nor- XI. INTERPRETATION IN THE PRESENCE
malized to unit Wronskian. OF BACKSCATTERING

(i) They obey a linear first order equationan

(iii ) If backscattering is neglected, they evolve indepen- As emphasized by Vilenkin, since the WKB approxima-
dently and unitarily. In the absence of backscattering, theston is not exact,“probability” and “unitarity” are inher-
properties designate th and D, as the probability ampli- ently approximate conceptimdeed neither the norm af;;
tudes for matter to be in statein the forward or backward nor of ¢.¢; is separately conserved in the presence of back-
sector. We invite the reader to compare this reasoning witlscattering.
the original one of Born; seg1]. However, this is not an insurmountable problem for the

Very important is also the fact that in this interpretation, following reason. Any subsystem of the universe, for in-
decoherence effects arise naturally and obey the usual proptance the degrees of freedom within the cosmological hori-
erties, in contradistinction to what occurs in the conditionalzon, is necessarily an open system and its dynamics is there-
probability interpretation. For instance, when two states ofore necessarily nonunitary. The coupling between forward
two groups of states have only vanishing matrix elements o&nd backward propagating universes will appear to this sub-
Hq¢(@), their evolution is completely independent. It is thus system as an additional coupling to the environment. Fur-
fully legitimate to interpret the wave function composed of thermore, this coupling gives rise to exponentially small ef-
their sum as representing two different universes rather thafects, with approximately the ratio of the Hubble radius to
a quantum superposition of states residing in the same unthe wavelength of the universe appearing in the exponential.
verse. This decoherence is the most basic @vieen com-  Hence it is completely negligible compared to the other cou-
pared to that induced by the environment or measuring deplings to the environment at least for macroscopic universes.
vices since it is solely determined by the nature of the full Having said this, one may nevertheless want to know
Hamiltonian, i.e. the WDW constraint. It therefore provideswhat the possible effects of backscattering could be—
a natural explanation for the fact that one should not considenowever small they are—and how they should be inter-
guantum superpositions of states giving rise to differenfpreted.
semi-classical geometrighistorieg since these states com- A first point to be noticed is that in most realistic cos-
pletely decouple. mologies, backscattering cannot be dissociated from effects

The neglection of quantum backscattering effects can alsat the origin of the universe, the reason being that the dis-
be conceived as a manifestation of decoherence. Indeed, thence @ In p/da)~ over which the backscattering occurs is
appropriate character of the decomposition into forward andomparable to the distance to the origin of the universe. For
backward solutiongrather than in sines or cosing®llows  this reason backscattering and its interpretation may be inti-
from the effective decoupling of these two sets. Thus, therenately linked to the ultraviolet structure of quantum gravity.
is a hierarchy of decoherence associated with the hierarchy this is the case, the interpretation cannot be discussed in
of length scales. Indeed, the decoupling of the forward andhe context of a truncated WDW equation.
backward sectors is the most efficient since backscattering Nevertheless, one may imagine universes in which
amplitudes are exponentially smaller than matter transitiorasymptotic regions exist. Then backscattering events can be
amplitudes. This leads to a clear separation of the solutioncalized and their amplitudes properly evaluated. In this
into two sets characterized by the signmfa). case, one can inquire into their interpretation even in the

Thus the only aspect which differs from that presented incontext of simplified WDW equations. As discussed in Secs.
the physical examples of Secs. VII and VIl is the identifi- VIl and VIII there are at least two consistent interpretations
cation of these sets with forward and backward propagatiof backscattering. In both cases the choice of interpretation
in time. In the previous examples, it was necessary to use amwas dictated by reinserting the system into a wider context.
external time to identify which asymptotic modes correspondn the cosmological context we do not know into wht
to forward motion att= —o. (Recall that this identification any) wider context the WDW equation fits, and thus the pre-
was different for the nonrelativistic and relativistic ex- cise way backscattering should be interpreted is unclear.
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Let us nevertheless briefly discuss the consequences of In conclusion the separation between forward and back-
backscattering. For a subsystem of the universe which is forward propagating universes, and hence the appearance of an
ward propagating, the effect of backscattering is included byffective Schrdinger equation for matter, appears to be a
averaging over theunknown state of the rest of universe. In more robust concept than previously thought. Indeed the cor-
a first quantized context, the rest of the universe would simrections to the Schbnger equation are exponentially
ply be the backward propagating waves. In the second quamaller than any matter transitions. On the other hand the
tized context it would correspond to all the other sectors ofyrecise way the backscattering manifests itself does not seem
the theory with different “universe and antiuniverse num-iy pe constrained by the WDW equation—at least in the
bers.” Thus the averaging and hence, the effect of the aversimple models we have considered in this paper. Hopefully
aging are different in both cases. this interpretational problem can be resolved once we have a

Moreover, the interpretation of backscattered wavegjeeper understanding of the structure of quantum gravity.
themselves is problematic. For instance what is the physicafhe inclusion of anisotropies and inhomogeneities, and more

principle which would determine the arrow of time in the jmportantly of the ultraviolet sector of the theory, could lead
part of the wave function whose origin is backscattering? Tqq 3 unique consistent interpretation.

be concrete, consider a solution of the WDW equation which

for a<ag contains onlyC, coefficients, but foa>a, con-

tain_s bothC, and D, coefficients @, is the center of the ACKNOWLEDGMENTS
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