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Unitary and nonunitary evolution in quantum cosmology
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We analyze when and why unitarity violations might occur in quantum cosmology restricted to minisuper-
space. To this end we discuss in detail backscattering transitions between expanding and contracting solutions
of the Wheeler-DeWitt equation. We first show that upon neglecting only backscattering, one obtains an
intermediate regime in which matter evolves unitarily but which does not correspond to any Schro¨dinger
equation in a given geometry since gravitational back reaction effects are taken into account at the quantum
level. We then show that backscattering amplitudes are exponentially smaller than matter transition amplitudes.
Both results follow from an adiabatic treatment valid for macroscopic universes. To understand how back-
scattering and the intermediate regime should be interpreted, we review the problem of electronic transitions
induced by nuclear motion since it is mathematically very similar. In this problem, transition amplitudes are
obtained from the conserved current. The same applies to quantum cosmology and indicates that probability
amplitudes should be based on the current when backscattering is neglected. We then review why, in a
relativistic context, backscattering is interpreted as pair production whereas it is not in the nonrelativistic case.
In each example the correct interpretation is obtained by coupling the system to an external quantum device.
From the absence of such external systems in cosmology, we conclude that backscattering does not have a
unique consistent interpretation in quantum cosmology.@S0556-2821~99!03312-3#
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I. INTRODUCTION

Quantum gravity suggests the possibility of nonunita
evolution. In particular singularities and regions of stro
curvature, such as black holes and the big bang, are na
places where such effects could occur. However, in th
cases, the lack of the comprehension of Planck scale phy
precludes us from reaching any definitive conclusions.

More surprisingly, when the universe is macroscopic a
the curvature is small, the possibility of nonunitarity r
mains. Moreover, in this long wavelength regime, it see
unavoidable that quantum gravity implies the Wheel
DeWitt ~WDW! equation@1,2# ~truncated to a finite set o
modes so as to eliminate ultraviolet problems! since this con-
straint expresses and guarantees reparametrization in
ance.

Thus the theoretical basis for investigating unitarity v
lation in quantum cosmology seems well established. Ne
theless, no definite analysis has been carried out, eve
minisuperspace. Indeed, in the literature one finds either
dent discourses which avoid the problem or claims rang
from ‘‘there are no unitary violations’’@3# to ‘‘there are fi-
nite violations of unitarity’’ @4#.

In order to understand the origin of the difficulties whic
have hindered previous work on this question, it is necess
to recall how the usual unitary evolution of quantum mat
in a given four-geometry is recovered from the WDW equ
tion. This has already been thoroughly investigated@3–14#
and it is now well understood thatif the wave function is in
a tight wave packet, i.e. if the spread of matter energy
small, andif gravity can be treated semiclassically, i.e. if
0556-2821/99/59~12!/123519~14!/$15.00 59 1235
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can be described by a WKB wave function, then one sho
factor out this WKB wave and interpret the remainder as
wave function of matter which evolves according to t
Schrödinger equation.

Therefore, when investigating the problem of unitary vi
lations, two problems must be confronted. The first one
technical and concerns the precise mathematical chara
ization of the corrections to the Schro¨dinger equation which
are due to the abandonment of the two restrictions. In
respect, it should be mentioned that most approaches h
kept as starting point~i.e. as an ansatz! that the total wave
function can be factorized into a gravitational wave char
terizing the background and the rest which is still interpre
as the matter wave function. It is then very difficult to di
tinguish the intrinsic corrections from the those due to t
factorization ansatz.

The second aspect is more fundamental and has to do
the interpretation of the wave function of the univer
C(a,f), solution of the WDW equation (a designates the
scale factor andf matter variables in a minisuperspace co
text!. In particular, in order to address the question of p
sible violations of unitarity, one must know how to extra
the wave function of matter when matter is not in a tig
wave packet. Several proposals have been made in the li
ture; see@8# for a review. Two of the most specific are th
conditional probability interpretation wherein the probabili
to find f at a is given byuC(a,f)u2/*dfuC(a,f)u2 and the
Vilenkin @4# interpretation which is based on the current c
ried by C(a,f).

In this paper, by exploiting the generalized adiabatic tre
ment of@14#, we circumvent the difficulties which have hin
©1999 The American Physical Society19-1
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dered previous work. The major advantage of this treatm
is to organize the WDW equation in such a way that
corrections to the two approximations can be separately
systematically analyzed before adopting any interpreta
scheme. We then focus on the possibility of unitary vio
tions in the light of the mathematical properties of the
corrections. Our analysis will be restricted to minisupersp
models. In a subsequent paper, we intend to extend i
cosmologies characterized by many variables.

The first important conclusion of this work~which gener-
alizes that of@13#! is that when matter is not in a tight wav
packet but in the absence of backscattering between w
with positive and negative gravitational momentum~which
correspond to contracting and expanding universes!, the only
consistent interpretation is that based on the current. F
our analysis, it will also be clear why when matter is in
tight wave packet, i.e. when both approximations mention
before are exact, different interpretations, such as the p
ability or the current interpretations, become equivalent.

The second point of this article is to analyze the imp
tance of the effects induced by backscattering of grav
tional waves. We show that because of destructive inter
ence, the amplitude for a forward wave to backscatte
proportional to exp(2]ap/p2) wherep is the momentum ofa.
This is much smaller than previous estimates that sugge
that the amplitudes were proportional to the quantity]ap/p2

itself.
The third main conclusion concerns the consequences

matter evolution of the couplings induced by backscatteri
We show that even though these transition amplitudes ca
precisely evaluated, it is impossible to deduce what are
actly their physical consequences. That is, quantum cosm
ogy is an incomplete theory that does not carry its own
terpretation. Happily this incompleteness only manife
itself at the level of backscattering and therefore conce
exponentially small effects.

To reach these conclusions we address successively
mathematical and interpretational aspects. In the first pa
the article ~Secs. II–V!, we carry out an analysis of th
WDW equation which does not make the ansatz that ma
should be in a tight wave packet. Dropping this ansatz
already been advocated in@10–13#. Here we shall follow the
treatment of@14# ~see also the earlier work of@15#! which
does not require the validity of the WKB approximatio
Thus it can be used to obtain quantitative estimates for b
amplitudes to backscatter and effects of widely spread w
functions. From this treatment one unambiguously est
lishes the following:

~i! When backscattering amplitudes can be neglected
matter is in a tight wave packet, matter obeys the Sch¨-
dinger equation in the background defined by the cente
the wave packet, thereby recovering the situation of R
@6,4,3#.

~ii ! When matter is no longer in a tight wave packet, b
backscattering amplitudes are still neglected, matter obe
Schrödinger-like equation wherein evolution is parametriz
by a and wherein gravitational back reaction effects are
cluded at the quantum level, i.e. not only in the mean. U
12351
nt
e
nd
n
-
e
e
to

es

m

d
b-

-
-
r-
is

ed

or
.

be
x-
l-

-
s
s

the
of

er
s

th
e

b-

nd

of
s.

t
a

-
i-

tarity follows from the ordered nature of the WKB propag
tion of a.

~iii ! When backscattering amplitudes are not neglect
matter evolution is drastically modified in the sense that m
ter states associated with forward and backward propaga
universes interact. This directly follows from the second
der character of the WDW equation in]a .

These results follow from the separation of the leng
scales which govern the dynamics in quantum cosmol
when the universe is macroscopic. The Compton wavelen
of a, 1/p, is much smaller than both the Compton waveleng
of a typical matter degree of freedom and than the time o
which the geometry changes (]ap/p)21.

In the second part of this article~Secs. VI–XI! we address
the problem of interpretation. As basis for the discussion,
consider two physical examples whose mathematical
scription is similar to the WDW equation. These examp
are electronic nonadiabatic transitions during atomic co
sions and pair creation in an external potential. The man
in which the wave functions should be interpreted in the
examples is standard textbook material. Nevertheless,
very instructive to delve in detail into the mathematical a
physical bases of these interpretations in order to see if t
apply to quantum cosmology.

In both cases the conserved current serves as a basi
extracting predictions from the theory. The basic mathem
cal reason is that this is the only quantity which is conserv
by virtue of the equations of motion. In cosmology, in th
absence of backscattering, this procedure leads unamb
ously to the current interpretation. In this derivation, the e
istence of well-separated length scales plays also a cru
role: It provides the possibility of asking questions conce
ing light degrees of freedom under the condition that
heavy one is propagating forward and located in a sm
neighborhood.

The other important point is that when backscattering
tween the forward and backward propagating waves occ
anadditionalprinciple is required in order to interpret back
scattering amplitudes. Moreover, this principle differs for t
two examples. In each case, it is dictated by the possibility
coupling the system to a quantum external device which
act as a measuring device. In quantum cosmology, no s
external quantum device can be introduced, and it is the
fore impossible to decide which of these two interpretatio
or possibly a completely different third one, applies to t
WDW equation. Hopefully the resolution of this problem ca
ultimately be obtained from a deeper understanding of
inner ~i.e. ultraviolet! structure of quantum gravity.

II. BACKSCATTERING

In view of the importance of backscattering effects in t
problem of unitarity violation in quantum cosmology, it
appropriate to understand clearly why backscattering occ
and how to compute backscattering amplitudes. To this e
we first consider the simple problem of a universe in wh
matter stays in a given eigenstateun& of constant energyEn .
This enables us to study the corrections to the WKB appro
mation unencumbered by the details of matter evoluti
9-2
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UNITARY AND NONUNITARY EVOLUTION IN QUANTUM . . . PHYSICAL REVIEW D 59 123519
This analysis will serve as a guide to the next sect
wherein the matter Hamiltonian no longer commutes w
the WDW equation.

With this mathematical simplification, the WDW equatio
in minisuperspace reduces to one degree of freedom mo
in a potential

HTC5@G2]a
21V~a!12aGEn#C50 ~1!

where G is Newton’s constant. The gravitational potent
V(a) comes from the curvature of space~for instance,V5
2a21La4 in a closed universe with a cosmological co
stantL).

The WKB solutions to Eq.~1! with unit Wronskian are

xn~a!5

expF2 i Ea

da8pn~a8!G
A2pn

~2!

and its complex conjugate, where pn(a)
5(1/G)AV(a)12aGEn is the classical solution ofHT50
when matter has energyEn . These solutions correspond
expanding and contracting universes.

This identification relies on a sign convention which w
now explain. First one expands~as usual when building
wave packets! the phase in Eq.~2! around a reference energ
Ē to obtain

xn~a!.
expF2 i Ea

da8p̄n~a8!G
A2pn

3expS 2 i Ea

da8
]p

]E
~En2Ē! D . ~3!

Classical mechanics tells us that]p/]EuE5Ē56d t̄/da

where t̄ (a) is the proper time obtained from the classic
trajectory ofa driven by the reference matter energyĒ. The
6 sign corresponds to expanding and contracting unive
respectively. Thus we obtain

xn~a!.
expF2 i Ea

da8p̄n~a8!G
A2pn

e7 i t̄ (a)(En2Ē). ~4!

If one adopts the usual convention that the phase depend
on energy and time should bee2 iEnt, then one must take th
2 sign in Eq. ~4!. Hencexn corresponds to an expandin
universe andxn* to a contracting universe. Obviously th
choice is purely conventional and has nothing intrinsic to
The problem of defining an intrinsic arrow of time in qua
tum cosmology is a delicate one, and we shall briefly ret
to it at the end of this paper.

There are two kinds of corrections to the WKB solution
The first are corrections to the phase and norm ofxn andxn*
separately. They are obtained by a standard calculatio
which one writesC5AeiS/\, inserts this ansatz into Eq.~1!
and calculatesA andS as series in\; see for instance@16#.
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The second kind of corrections are due to the couplings
tween the forward and the backward solution. They desc
the backscattering amplitudes engendered by thea dependent
effective potentialVn(a)5V(a)12aGEn .

We are interested in the second corrections since, as
shall later see, these are the relevant ones for the proble
unitarity violations. To analyze them we rewriteC as

C5Cn~a!xn~a!1Dn~a!xn* ~a!, ~5!

]aC5 ipn~a!@Cn~a!xn~a!2Dn~a!xn* ~a!#.
~6!

The coefficientsCn andDn are uniquely determined by thes
equations@17# and the conserved current~Wronskian! takes
the simple form

C* i ]JaC5uCn~a!u22uDn~a!u25const. ~7!

Differentiating Eq.~5! and comparing with Eq.~6! yields

]aCnxn~a!1]aDnxn* ~a!2
]apn

2pn
@Cn~a!xn~a!

1Dn~a!xn* ~a!#50. ~8!

Inserting Eq.~6! into Eq. ~1! and using Eq.~8! yields first
order coupled equations

]aCn5
Dn

2

]apn

pn
expS 22i Ea

da pnD ,

]aDn5
Cn

2

]apn

pn
expS 12i Ea

da pnD ~9!

which are equivalent to the original WDW equation~1!.
From Eq. ~9! one reads that the instantaneous coupl

between the forward and backward propagating wave
proportional to]a ln pn times an oscillating phase. Thus, n
ively, one would think that backscattering effects are of ord
]a ln pn . However, when the effective potentialVn(a) is
slowly varying ~i.e. in the WKB limit ]apn /pn

2!1) this is
incorrect because successively backscattered waves des
tively interfere. This destruction is so effective that the bac
scattering amplitude is exponentially small.

To establish this, suppose that there are two asympt
regions,a,a2 anda.a1 whereinVn5const and hence the
WKB approximation is exact. Let us consider the soluti
which initially contains no backward propagating wav
Dn(a,a2)50 andCn(a,a2)51. The backscattering am
plitude is thenDn(a.a1). It can be calculated perturba
tively by takingCn51 in Eq. ~9! ~for a more rigorous justi-
fication of this result see@18,16#!:

Bn5Dn~`!.E da
1

2

]apn

pn
expS 12i Ea

da8 pn~a8! D
.expS 2i Ea*

da8 pn~a8! D . ~10!
9-3
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S. MASSAR AND R. PARENTANI PHYSICAL REVIEW D59 123519
The second approximation follows from the fact that in t
WKB limit, the integral is dominated by the~complex!
saddle pointa* wherep(a* )50. For instance whenVn(a)
has a minimum ata5a0 : Vn(a)5vn1(Vn9/2)(a2a0)2

1O„(a2a0)3
…, the saddle is located ata* .a0

6 iA2vn /Vn9 and the backscattering amplitude isDn(1`)

.e2pvn /2GAVn9 upon neglecting cubic and higher ord
terms ina2a0. The lessons from this exercise are the f
lowing:

~i! The naive estimate of the backscattering amplitude
incorrect. A more detailed analysis shows that it is expon
tially small.

~ii ! If the kinetic energy of gravity (5Vn(a)/G2) has a
minimum ata0, then the backscattering arises from a reg
of width Da5@(1/pn)]a

2pn#21/2 around the minimum.
However, when the effective potentialVn(a) does not

have adequate asymptotic regions, it is impossible to iso
unambiguously a backscattering amplitude. Indeed, since
WKB approximation is no longer asymptotically exact, o
needs an additional principle to distinguish backward fr
forward classical motion. This situation generally arises
cosmology. For instance, for a de Sitter universe,V(a)5
2a21La4 and backscattering around anya@L21/2 far
from the turning point results from interference over a d
tanceDa.a. So it is impossible to isolate the backscatteri
arounda from the effects due to the turning point atL21/2. A
similar situation obtains for a matter dominated unive
Vn(a)52a212aGEn : one cannot isolate the backscatte
ing around a givena from the contribution of the origina
50 and the turning pointa52GEn . In these cases, effect
at the turning points~for instance boundary conditions ata
50 or a5`) might dominate any backscattering which o
curs in intermediate regions.

III. WHEELER-DeWITT EQUATION
IN MINISUPERSPACE

We now generalize the previous analysis to the case w
the matter Hamiltonian is not constant. Our aim is to find
equivalent of Eqs.~9! so as to be able to reveal the interpl
between matter transitions and backscattering effects.
thus consider

@G2]a
21V~a!12aGĤM~p,f,a!#uC~a!&50 ~11!

whereĤM is the matter Hamiltonian operator. It depends
the matter coordinatesf, and their conjugate momentap
anda. Notice that the wave functionuC(a)& is expressed as
a ket only for the matter degrees of freedom.

Our analysis of the solutions of Eq.~11! is based on a
double hypothesis. First we require that the universe be m
roscopic. This condition is satisfied if the radius of the u
verse is larger then the Planck length and if the total ma
energy^HM& is larger than the Planck mass. This conditi
guarantees that the propagation ofa is WKB, i.e. d ln p/da
!p. Second, we require that no individual matter quant
dominate the kinetic energy of gravity. That is we do n
consider the case of an inflaton field whose expectation v
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^f& is macroscopic. Instead we are considering usual fi
configurations such that^f&.0 but with^HM&Þ0 and mac-
roscopic.

This second condition breaks the otherwise existing sy
metry between the radius of the universea and the matter
degrees of freedom. It ensures thata is the heaviest and is
therefore singled out to parametrize thetransitions among
neighboring matter states.

We therefore postulate a neat separation of length sca
the Compton wavelength 1/p of the universe is much smalle
than both distance over which the momentum of grav
changes (d ln p/da)21 ~i.e. approximately the Hubble radius!
and 1/(En2Em), the time scale associated with a typic
matter transition. We emphasize however that our treatm
is exact. That is, we do not neglect corrections; we sim
postulate that they are small.

Since the matter transitions are the lightest, they should
treated quantum mechanically. This is implemented by m
ing an adiabatic expansion for the matter states, follow
@14,15#. On the other hand the radius of the universe is
heaviest degree of freedom, and satisfies the WKB condit
hence we shall make a WKB expansion for the gravitatio
waves. This double expansion is the basic tool we use
analyze Eq.~11!.

The adiabatic expansion for matter is realized by mak
the instantaneous~i.e. at fixeda) diagonalization of the mat-
ter Hamiltonian

ĤM~a!ucn~a!&5En~a!ucn~a!&,

^cm~a!ucn~a!&5dm,n . ~12!

We combine this with the WKB expansion in the followin
way. Letpn be the classical momentum if matter has ene
En(a):

2G2pn
2~a!1V~a!12aGEn~a!50. ~13!

Then we generalize Eqs.~5!, ~6! and decomposeuC& as

uC~a!&5(
n
F Cn~a!

expF2 i Ea

pn~a8!da8G
A2pn~a!

1Dn~a!

expF1 i Ea

pn~a8!da8G
A2pn~a!

G ucn~a!&,

~14!

]auC~a!&5(
n

2 ipn~a!F Cn~a!

expF2 i Ea

pn~a8!da8G
A2pn~a!

2Dn~a!

expF1 i Ea

pn~a8!da8G
A2pn~a!

G ucn~a!&.

~15!
9-4
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These equations univocally define theCn andDn coefficients
and ensure that these coeficients are constant in the
wherein both the WKB approximation and the adiabatic
proximation are exact. Moreover, using these expressi
the conserved current yields the simple expression

^Cu i ]JauC&5(
n

uCn~a!u22uDn~a!u25const. ~16!

Taking the derivative of Eq.~14! and comparing with Eq.
~15! yields a relation betweenCn , Dn and their derivatives
which generalizes Eq.~8!. Then inserting Eq.~15! into the
WDW equation~11! and using this relation gives

]aCn5 (
mÞn

^]acmucn&
pn1pm

2Apnpm

expS i Ea

~pn2pm!da8 DCm

1
]apn

2pn
expS 2i Ea

pndaDDn

1(
m

^]acmucn&
pn2pm

2Apnpm

expS i Ea

~pn1pm!da8 DDm

~17!

and the same equation withCn↔Dn , i↔2 i . These equa-
tions areequivalentto the original WDW equation. The es
sential advantage of this rewriting is that it neatly separa
the backscattering effects encoded in the last two terms f
the matter transitions in the forward sector which are
scribed by the first term. As an important consequence
enables the WKB approximation to be implemented with
factorizing, as usually done in former analyses, a grav
tional wave common to all matter states, i.e. without be
obliged to make the hypothesis that matter is in a tight w
packet in energy.

IV. UNITARY EVOLUTION

When the WKB condition]ap/p2!1 is fulfilled, there is
no backscattering and one can correctly neglect the coup
between the forward and backward propagating waves.
thus obtains two uncoupled evolutions for forward and ba
ward propagating universes. The equation governing the
ward sector is

]aCn5 (
mÞn

^]acmucn&
pn1pm

2Apnpm

expS i Ea

~pn2pm!daDCm .

~18!

This equation has two nice properties@14#. First it describes
the unitary evolution1 of matter as a function ofa and second

1Some authors@19# have advocated that the WDW equatio
should be replaced by a first order equation in]a so as to eliminate
backscattering and guarantee unitarity. In our setting, this wo
correspond to postulating that Eq.~18! is the ‘‘correct’’ equation
governing quantum cosmology.
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it includes gravitational backreaction effects at the quant
level, i.e. not only in the mean.

Unitarity directly follows from the fact that the right han
side ~RHS! of Eq. ~18! is antisymmetric. This can also b
deduced from Eq.~16! and the fact that the coefficient
Cn(a) andDn(a) evolve independently. To see more expli
itly how this Schro¨dinger character is obtained, we defin
two effective matter wave functions associated respectiv
with the expanding and contracting sectors:

ufe f f
1 ~a!&5(

n

expS 2 i Ea

pnda8 D
A2pn

ucn&

3^cnuFexpS i Ea

pnda8 D i ]JauC~a!&G
5(

n
Cn~a!expS 2 i Ea

pnda8 D ucn~a!&,

ufe f f
2 ~a!&5(

n
Dn~a!expS 1 i Ea

pnda8 D ucn~a!&.

~19!

They obey Schro¨dinger type equations

6 i ]aufe f f
6 &5Ĥe f f~a!ufe f f

6 & ~20!

where the Hermitian operatorĤe f f plays the role of Hamil-
tonian. It is defined by its instantaneous diagonalization
the basisucn(a)&:

Ĥe f f~a!nm5dnmpn~a!1 i ^]acmucn&
~Apn2Apm!2

2Apnpm

.

~21!

The peculiar form of the second term arises from the int
play between the RHS of Eq.~18! and the derivatives acting
on theucn(a)& in the left-hand side~LHS! of Eq. ~20!.2

Thus, in the absence of backscattering,fe f f
6 have the fol-

lowing properties:
~i! fe f f

1 is decoupled fromfe f f
2 .

~ii ! fe f f
6 are local in the sense that they depend only

uC(a)& and]auC(a)& at a.
~iii ! fe f f

6 obey a linear equation, since they depend l
early on the original ketuC(a)&. Thus they still obey the
superposition principle.

~iv! Their norm is constant sinceHe f f(a) is Hermitian:

^fe f f
1 ~a!ufe f f

1 ~a!&5(
n

u^cn~a!ufe f f
1 &u25(

n
uCn~a!u2

5const. ~22!

ld

2Equation~21! corrects an error in@14#.
9-5



d
t

on
.
n

s

a-
n

on
-

en

e
-

-
o
e

w
n
n
b
th
na

io

e
le

the
ch

tter
in

a-
cts
one
uld
this
ex-

ter
ne

ck-

en-
ed.

tter
n-
me
tran-
he
r
an
t
ini-
n

of

be
tive

d

er
e
he

-

S. MASSAR AND R. PARENTANI PHYSICAL REVIEW D59 123519
~v! If one works with wave packets tightly centere
around a mean energyĒ, fe f f

6 obey the time dependen

Schrödinger equation i ] t̄fe f f
6 5ĤM„ā6…fe f f

6 where

HM„ā6(t)… is the matter Hamiltonian of Eqs.~11!,~12! with
ā6(t) describing respectively the classical expansion or c
traction of the universe driven byĒ. To see this, as in Eqs
~3!, ~4!, it suffices to develop the state dependent functio
pn(a) around the mean valuep̄(a). To first order inEn2Ē,
the second term of Eq.~21! vanishes and the first one give

Ĥe f f~a!nm.dnm$~ p̄~a!1]Ep̄~a!~En2Ē!%. ~23!

Up to a term proportional to the identity@5dnm$ p̄(a)
2]Ep̄(a)Ē%# which plays no physical role, this diagonal m
trix is identical to that defined by the matter Hamiltonia
@see Eq.~12!#, since the overall factor]Ep̄(a)56dā6 /dt is
precisely what is needed to convert]a in ] t̄ in Eq. ~20!.

~vi! When one drops the tight wave packet approximati
He f f , defined in Eq.~21!, includes gravitational back reac
tion effects to the matter propagation which depend onn.
These are encoded in the nontrivial dependence ofpn(a) on
En and in the second term on the right hand side. Th
matter evolution must be parametrized bya since it is mean-
ingless to call upon a mean time parameter.

In conclusion, we claim thatfe f f
6 defined in Eq.~19! are

the unique functions ofC which have these properties. Th
only ambiguity lies in the definition of the WKB approxima
tion since one could modifypn in Eq. ~19! by local terms of
orderpn@11O(d ln pn /da)# without modifying these proper
ties. This ambiguity reflects the choice of normal ordering
the operator]a

2 in Eq. ~11!. However, these modifications ar
negligible in the WKB regime.

Before discussing the role of backscattering effects,
wish to recall that Eq.~18! is a convenient expression whe
matter evolves quasiadiabatically, that is when the dista
scale over which matter makes transitions, given
@d ln(En2Em)/da#21, is large compared to the waveleng
(En2Em)21. In this case one can easily calculate the no
diabatic transition amplitudeAm→n from ucm& to ucn&. More-
over, it proceeds along lines very similar to the computat
of the backscattering amplitudeDn in Eq. ~10!. Indeed, one
first neglects transitions and setsCn5dmn for all values ofa.
Then one inserts this zeroth order solution in Eq.~18! and
integrates overa to obtain

Am→n5Cn~a51`!

.E da^]acmucn&
pn1pm

2Apnpm

expS i Ea

~pn2pm!daD
.expS i E ã

da8~pn~a8!2pm~a8!# D . ~24!

In the second line, as in Eq.~10!, we have evaluated th
integral by saddle point. The saddle is now at the comp
value ã solution ofpn(ã)5pm(ã).
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Sincea(En2Em) is much smaller thanGpn
2 ~by virtue of

the hierarchy of length scales discussed above!, one can ex-
pandpn2pm in powers ofEn2Em . Keeping only the first
term in this series, one finds that the transition is given by
usual expression controlled by the imaginary time to rea
the saddle point times the difference of energy of the ma
states; see@14# for further discussion of matter transitions
quantum cosmology.

V. CONSEQUENCES OF BACKSCATTERING

To determine the range of validity of the truncated equ
tion ~18!, one must compute the importance of the effe
induced by backscattering. These effects arise when
abandons the WKB approximation. In this respect, it sho
be stressed that there are two types of corrections to
approximation: local ones which can be evaluated by
panding the wave function as a series in\ @16# and global
ones which mix forward and backward waves. Only the lat
lead to drastic modifications of matter evolution. Thus, o
should differentiate ‘‘in the WKB approximation’’ from ‘‘in
the absence of backscattering.’’ Our computation of ba
scattering amplitudes shall be based on Eq.~17! and shall
proceed as in Eqs.~24! and ~10!.

Our first conclusion is that these amplitudes are expon
tially small, whether or not matter dynamics are neglect
The new feature with respect to Sec. II is that in Eq.~17!
there are now coupling terms betweenCn and allDm . This
leads to the fact that the relative amplitude to backsca
into different states is approximately thermal, with the i
verse temperature given by the twice the imaginary ti
needed to reach the saddle point. These backscattering
sitions modify in a fundamental way the structure of t
evolution of the coeficientsCn since the evolution no longe
closes onto itself. This implies two unusual features: first,
initially purely forward wave packet will inevitably leak ou
into the backward sector and, second, knowledge of the
tial values of theDn is necessary to determine the evolutio
of the Cn .

Let us first analyze the backscattering without a change
the matter state. The second term of Eq.~17! has exactly the
same form as the term studied in Sec. II. Thus it can
analyzed in the same way: let us suppose that the effec
potential Vn(a)5V(a)12aGEn(a) has a minimum atan

and that we can approximateG2pn
25Vn(a).Vn(an)

1(Vn9/2)(a2an)2. Then, if the universe is purely forwar
propagating in staten for a!an , that is Cm(a!an)5dnm
andDm(a!an)50, the amplitude to backscatter into matt
staten is Dn(a@an). As in Sec. II this amplitude can b
perturbatively calculated by the saddle point technique. T
saddle is the solution ofpn(an* )50 and it is located atan*
.an1 iA2Vn(an)/Vn9. Upon neglecting higher order deriva
tives of Vn(a), the amplitude to backscatter is

Bn→n5Dn~a@an!.expS 2
pVn~an!

GA2Vn9
D

5expS 2
p

2
pn~an!Im~an* ! D . ~25!
9-6
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The quantity which appears exponentiated is the ratio of
distance over whichVn(a) changes@5Im(an* )# to the wave-
length of the universe (51/pn). It is the ratio of the longes
length scale in the universe to the shortest. Theref
pn(an)Im(an* )@@pn(ã)2pm(ã)#Im(ã) @cf. Eq. ~24!#, since
the second expression is controlled by thedifference pn
2pm . ThusBn→n is exponentially smaller thanAn→m . It is
this latter inequality which determines the validity of the fir
order equation~18!.

The backscattering with change of matter state is me
ated by the last term in Eq.~17!. It can be evaluated in the
same way and is given by

Bn→m.E
0

`

da^]acmucn&
pn2pm

2Apnpm

3expS 1 i Ea

da8@pn~a8!1pm~a8!# D
.expS i Ea*

da8@pn~a8!1pm~a8!# D ~26!

where a* is the saddle point solution ofpn(a* )1pm(a* )
50. To evaluate this saddle point integral, we define
mean energyĒ(a)5(En1Em)/2 and expand the integran
to first order inEn(a)2Em(a): pn(a8)1pm(a8)52p̄(a8)
1(En2Em)]Ep̄. This yields

uBn→mu2.expF24 ImS Ea*
da8p̄~a8! D G

3expS 22E
0

Im T*
dt~En2Em! D ~27!

whereT* 5*a* da8]Ep̄ is the time to reach the saddle poi
in the mean geometry. Thus the relative distribution of
backscattered states is approximately thermal with the
tremely low temperature given by (2 ImT* )21.

In the above we have neglected the fact that backsca
ing can take place in several steps. For instance one can
backscatter from matter stateCm to matter stateDn8 and then
change matter state fromDn8 to Dn . Such multistep transi-
tions can compete with the direct transition. Determini
which channel is dominant is a difficult task~see for instance
@20#!. Nevertheless, a rough calculation of these multis
backscatterings shows that the result based on the d
channel gives a correct estimate: the amplitude to backsc
is an exponentially small quantity governed by the total m
mentumpn and the backscattered states are approxima
thermally distributed.

Note that if the~unusual! sign of the kinetic term of grav-
ity were positive instead of negative, then the opposite wo
be true and backscattering to states with higher matter en
would be favored. Mathematically this change comes ab
because]Ep would have the opposite sign.
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VI. INTERPRETATION: INTRODUCTION

The literature on quantum cosmology abounds with int
pretations of the wave function of the universe,C. This re-
flects contradictory views that are held on what the wa
function should describe and what it should predict. Ho
ever, the question of interpretation is, to a large extent,
termined by mathematical and physical consistency.

In order to develop a coherent interpretation we shall fi
consider simple physical systems—electronic nonadiaba
ity in atomic or molecular collisions and particle creation
external fields—whose mathematical formulation is e
tremely close to the WDW equation in minisuperspace m
els. For these systems the interpretations, i.e. the proced
that must be used to extract predictions from the theory,
known. They can thus serve as guides to suggest the in
pretation in quantum cosmology but also as laboratories
formulate the restricted set of questions that we, living in
universe, can ask in quantum cosmology. We then retur
the WDW equation and compare different interpretations
C that have been proposed in the literature.

The first conclusion of this investigation is that, upon n
glecting backscattering, the current interpretation of Vilenk
appears to be singled out as the only consistent one. Ind
it leads to probability amplitudes which satisfy the usu
properties of quantum amplitudes: the superposition p
ciple and decoherence of remote configurations are b
guaranteed. This is not the case if one adopts the conditi
probability interpretation. This interpretation instead do
make sense for systems on which localized external dev
can interact. Therefore it is inoperative in quantum cosm
ogy since no such external system can be introduced.

The second point concerns the physical interpretation
backscattering for the two examples. In each case, an a
tional principle, also based on the possibility of coupling t
system to an external device, is required to reach the cor
interpretation. In cosmology, no such principle is availab
and therefore the interpretation of backscattering rema
ambiguous. For instance whether or not one should ‘‘th
quantize’’ and attribute some statistic toC would modify the
physical consequences of the backscattering amplitudes

VII. ELECTRONIC NONADIABATICITY
IN ATOMIC COLLISIONS

Let us begin by considering the problem of two collidin
atoms. After factoring the center of mass coordinate and
total angular momentum, the residual Hamiltonian looks l

Hatom5
P2

2M
1V~R!1Hel~R,qi ,pi ! ~28!

whereR is the relative distance between the two nuclei,P the
momentum conjugate toR, andqi ,pi the electronic coordi-
nates. If we consider an energy eigenstate of this Ham
tonian,

F2
]R

2

2M
1V~R!1Ĥel~qi ,pi ,R!G uCE~R!&5EuCE~R!&,

~29!
9-7
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S. MASSAR AND R. PARENTANI PHYSICAL REVIEW D59 123519
it has exactly the same structure as the WDW equation
minisuperspace; see Eq.~11!. Indeed in both cases there is
heavy degree of freedom~the scale factora or the nuclear
coordinateR) and light degrees of freedom~the matterf or
the electronsqi). Because of this similarity, the same tec
niques can be applied to both equations.

The simplest approximation consists in treating the co
dinateR classically as a given function of time:R(t). Then
the residual degrees of freedom, the electrons, propagat
cording to the time dependent equationi ] tucel&
5Ĥel(R(t),q,p)ucel& and the nonadiabatic dynamics are e
coded in the transition amplitudes from one instantane
eigenstate to another one~Landau-Zener effect!.

If these transitions are too energetic or the motion ofR is
governed by a too spread out wave packet, the backgro
field approximation is no longer correct. Then one m
solve Eq.~29! and the techniques discussed in Sec. III sho
be brought to bear@15#. Upon neglecting backscattering e
fects but taking recoil effects into account, one obtain
second regime in which the dynamics is governed by
equivalent of Eq.~20!: Schrödinger like equations for the
electrons in terms of the amplitudesCn(R) andDn(R) asso-
ciated respectively with forward and backward WKB wav
governing the inward and outward motion ofR. In these
equations, unitarity is respected for theCn andDn amplitudes
separately and the role of time is played by the heavy co
dinate R. When backscattering effects inR cannot be ne-
glected, these effective Schro¨dinger equations are no longe
valid and one obtains the third situation wherein one m
solve the full equations for coupledCn ,Dn system, the
equivalent of Eq.~17!.

The sole difference between the atomic problem and
WDW equation in minisuperspace is the sign of the kine
energy of the heavy nuclei which is positive whereas tha
a is negative. This difference only plays a role in the th
situation wherein it affects the identification of in and o
modes and the spectrum of backscattered states; see th
mark at the end of Sec. V. As far as the light degrees
freedom are concerned, the second regimes in atomic phy
and in cosmology are completely analogous.

For this reason it is very instructive to review the inte
pretation of the solutions of Eq.~29!. Indeed, the aspect
which are often glossed over in textbooks are precisely
ones needed for the interpretation of quantum cosmology
particular, we shall discuss two compatible but neverthe
different schemes of interpretation. In the first, one restr
the analysis to asymptotic amplitudes to find the system
given state. In the second scheme, it is the wave func
itself which is interpreted at all times. Upon investigating t
relationship between these schemes, the separation o
length scales governing electrons and nuclei will again pla
crucial role.

The first interpretation, proposed by Born@21#, concerns
scattering amplitudes. In the present case as well, Eq.~29!
describes a scattering event and the main question one w
to answer~and to compare to experimental data! is how the
amplitude of finding a certain final state depends on the
12351
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tial state of the atom. Let us therefore suppose that the at
are initially in their ground state and approaching each oth
i.e.Cn(R51`)5dn0. According to Born, the probability for
the atoms to end up in staten is uDn(R51`)u2. The math-
ematical basis for this identification is the conservation of
Wronskian*dqiCE* i ]JRCE . Indeed, since the nuclei repe
each other, the regionR,0 is inaccessible and one mu
imposeCE(R50)50. Hence the Wronskian vanishes e
erywhere~since it vanishes atR50). Therefore, if one ex-
pandsCE in terms of forward and backward coefficientsCn
andDn as in Sec. III, the vanishing of the Wronskian implie
that (nuCn(R)u25(nuDn(R)u2. In particular, if (nuCn(R5
1`)u251, then(nuDn(R51`)u251 which expresses the
conservation of probability during the scattering process.

In order to deal with dynamically induced backscatteri
~which occurs in quantum cosmology! it is necessary to con
sider situations in which the wave function is not restrict
to vanish at a certain place. For instance one can think
single atom moving in one dimension in a static but inh
mogenous electric field. The Schro¨dinger equation for the
atom has the same form as Eq.~29!, but nowR is the posi-
tion of the atom and theR dependence ofV(R)
1Hel(R,q,p) is due to the electric field. Consider an ato
incoming fromR52` in a given energy eigenstaten0. This
is implemented by requiring that the solution satisfy the f
lowing boundary conditionsuCn0

(R52`)u25dn,n0
. Since

there is no atom incoming fromR51`, one should also
imposeDn(R51`)50 for all n. By these boundary condi
tions one specifies what are the in-modes, i.e. modes w
possess a well-defined semi-classical behavior in the rem
past. In this determination, there is an identification of t
asymptotic waves carrying a unit Wronskian with the cor
sponding classical trajectories obtained by the station
phase condition applied to wave packets or by identify
directly the wave length times\ with the momentum of the
particle.

Upon solving the full~untruncated! Schrödinger equation
one obtains both the asymptotic amplitudes for the atom
continue over the potential barrier,Cn(R51`), as well as
those to be reflected by the potentialDn(R52`). Unitarity
is expressed by the equality of the ingoing current to the s
of the outgoing currents:

E dqiCE* i ]JRCE515uCn0
~R52`!u2

5(
n

uDn~R52`!u21(
n

uCn~R51`!u2.

~30!

We emphasize that in Born’s interpretation the identific
tion of the quantitiesDn ,Cn(R56`) as scattering ampli-
tudes and, hence, unitarity follow from the internal structu
of Eq. ~29! and the use of asymptotic waves normalized
unit Wronskian for alln. An external concept was only nec
essary to identify the asymptotic incoming and outgoi
modes~i.e. the left and right movers!.
9-8
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UNITARY AND NONUNITARY EVOLUTION IN QUANTUM . . . PHYSICAL REVIEW D 59 123519
The essential simplification of this interpretation is th
one considers only asymptotic states. This leads natural
the question of whether one can also give an interpretatio
the electronic dynamics in the intermediate region. The
efficients Cn(R) andDn(R) are natural candidates for th
interpretation since they generalize to finiteR the coefficients
that were the basis for the asymptotic interpretation. Mo
over, this is also supported by the fact that, when ba
scattering can be neglected, they obey a Schro¨dinger like
equation with a Hamiltonian that tends in the limit of infi
nitely heavy nuclei to the time dependent electronic Ham
tonianHel„R(t),q,p….

To further investigate this question, we now turn to t
second interpretation of the solution of Eq.~29!. In this
interpretation—which for reasons of simplicity is genera
the first one presented in textbooks—uCE(R,q)u2 is inter-
preted as the probability for the atom to be atR in electronic
configurationq. The basis for this interpretation is twofold
First if one considers time dependent solutionsC(t,R,q) of
the Schro¨dinger equation, then there is a conserved curre

] tuC~ t,R,q!u21]RJR1]qJq50 ~31!

where

JR5C* i ]JRC, Jq5C* i ]JqC. ~32!

Hence it is consistent to interpretuC(t,R,q)u2 and therefore
uCE(R,q)u2 as probability densities; see e.g.@22#. The sec-
ond basis, due to von Neumann@23#, is the following: if we
couple the atom to an idealized measuring device~initially in
the state XR50, Xq50) through a coupling
d(t)uq&uR&PXq

PXR
^qu^Ru where PXR

and PXq
are the vari-

ables conjugate toXR and Xq , the measuring device wil
record outcomesR,q ~i.e. XR5R andXq5q) with probabil-
ity uC(t,R,q)u2.

An essential point to note about these two argument
that they both necessitate the introduction of external c
cepts which are usedin situ and no longer only asymptoti
cally: in the first case, external time and, in the second,
local measuring device. For this reason the application
this second interpretation will be problematic in quantu
cosmology since these external concepts cannot be invo

It is now very instructive to show that thi
interpretation—when used with care—is consistent with
S matrix interpretation. In particular, we shall show wh
and why the second interpretation also implies that the c
ficientsCn(R) andDn(R) should be interpreted as the amp
tudes for the electrons to be in staten when the nuclei are
propagating forward and backward at~better near! R. In this,
the necessity of having well-separated length scales is
cial.

Consider the probabilityuCE(R,q)u2 that the atom is atR
and the electrons in stateq. In terms of the coefficientsCn(R)
andDn(R) it takes the form
12351
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uCE~R,q!u25(
n

US Cn~R!

expF i ER

pndRG
A2pn~R!

1Dn~R!

expF2 i ER

pndRG
A2pn~R!

D ^qucn~R!&U2

.

~33!

This quantity is wildly oscillating because of the interferen
terms betweenCn(R) andDn(R). These interferences aris
from the localized measuring device which has interac
strongly with both the electrons and the nuclei. Since we
interested only in the electrons, we would like the measur
device to interact weakly with the nuclei. Thus we conside
measuring device that interacts with the nucleus over a
tain range ofR, and with a certain momentum sensitivit
That is we consider the probability that the nucleus be i
wave packetwR0 ,P0

5e2(R2R0)2/D2
eiRP0/A2pD where as an

example we have taken a Gaussian packet. If the intervaD
satisfies bothD@1/pn and D!(]R ln Cn)21, the probability
amplitude to find the nuclei in statewR0 ,P0

is approximately

E dRwR0 ,P0
* ~R!CE~R,q!.(

n
Cn~R0!^qucn~R0!&

3
e2[ pn(R0)2P0] 2D2

A2pn

~34!

where we have neglected theR dependence of
Cn(R)^qucn(R)& over the intervalD, and dropped the expo
nentially small contribution of theDn coefficients. Thus only
the amplitudes with momentum in the intervalP061/D are
selected. From this expression it follows that

uCn~R0!u2

2pn~R0!
~35!

is the probability that the electrons are in staten if the nuclei
are in the intervalR06D. Recalling we are working at fixed
total energyE and thatpn(R0) is proportional to the speed o
the nuclei, it follows that what we have calculated is t
probability for the electrons to be in staten multiplied by the
time they spend in the intervalR06D. This confirms the
interpretation ofCn(R) as the probability3 amplitude for the
electrons to be in staten.

In this derivation the identification ofCn(R) as electronic
amplitudes is inevitably approximate. Indeed Eq.~34! fol-
lowed from the fact that the wavelength of the nucleus a
that of the electrons are very different. The same separa
of length scales was also the justification for neglecting

3For the same reason in relativistic theory one must rem
1/A2v from scattering matrix elements in order to get probabil
amplitudes. This is known as the reduction formula.
9-9
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coupling between forward and backward propagating mo
in Eq. ~17!, thereby obtaining a Schro¨dinger equation for the
forward propagating coefficients only. Thus, this separat
is twice used in order to reach an interpretation ofCn(R) as
the amplitude for the light degrees of freedom to be in st
n.

We now turn to the consequences of backscattering
this case,(nuCn(R)u2 is no longer constant. How is this in
terpreted in the context of electronic nonadiabaticity?

To address this question, consider a generic solution
Eq. ~29! in the context of the atom propagating in a bac
ground field so that the whole real axis2`,R,1` is
accessible. For such a solution, none of the coefficie
Cn(6`), Dn(6`) are zero. Using the equality

(
n

uCn~1`!u21(
n

uDn~2`!u2

5(
n

uCn~2`!u21(
n

uDn~1`!u2 ~36!

the probability to be in staten and forward propagating a
R51` is

P~Cn~1`!!5
uCn~1`!u2

(
n

uCn~1`!u21(
n

uDn~2`!u2

~37!

when the WKB approximation is asymptotically exact. Th
probability is a highly nonlocal concept since it involves t
coefficientsCn andDn at 1 and2 infinity respectively. For
this reason it is a relevant and useful concept only for
external observer who has access to both the forward
backward waves atR56`. However, there are many re
evant quantities which are local inR. Moreover, these quan
tities govern the physical outcomes when one is in the s
ond regime wherein backscattering is neglected. In addi
light subsystems can presumably only ask questions conc
ing these quantities. An example of such a local quantity
the relative probability to be forward propagating in staten
or statem at R51`:

P„Cn~1`!…

P„Cm~1`!…
5

uC nu2

uCmu2. ~38!

In such local quantities the absolute normalization invo
ing a mixture ofCn andDn coefficients disappears. Howeve
they do not obey a closed equation since theCn are coupled
to theDn . Thus, the effect of the backscattering is to mod
the effective Schro¨dinger equation for the forward propaga
ing coefficientsCn(R) into a stochastic equation, where th
stochasticity is given by the absence of knowledge a forw
propagating subsystem has about the backward propag
part of the solution. At the end of the calculation an avera
must be taken over the unknown coefficientsDn . Happily,
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when the electronic length scales are well separated from
nuclear length scales, this stochasticity is exponentia
small.

VIII. RELATIVISTIC PARTICLE IN AN
EXTERNAL FIELD

In order to further investigate the relationships betwe
the conservation of the Wronskian, the identification of t
asymptotic solutions and the interpretation of the wave fu
tions, another situation should be considered: the Kle
Gordon~KG! equation governing the propagation of a re
tivistic particle in an external field. This example has
common with the WDW equation a Lorentzian signatu
i.e., the quadratic form determining the kinetic energy te
is not positive definite.

This analogy has been emphasized by many authors~see
e.g.@24# for a discussion at the classical level! and has been
used to advocate the necessity of performing a ‘‘third qu
tization.’’ Indeed, in the case of the relativistic particle, un
tarity is implemented by carrying out a ‘‘second quantiz
tion.’’ The difference with the nonrelativistic case is that th
Wronskian is no longer interpreted as a particle current d
sity but as a charge density. This follows from a differe
identification of the in and out asymptotic modes which
turn dictates the new interpretation.

Let us review these features by considering the propa
tion of a charged particle in an external electric field. W
shall take for simplicity the electric field to be homogeneo
and to point in thex direction. We impose that the electri
field vanish fort→2` and for t→1` which provides us
with asymptotic regions in which the momentum is const
and therefore the modes are exactly WKB. The Kle
Gordon equation in the gaugeAt50, Ax5 f (t), Ay5Az50
takes the form

$] t
22@]x1 ieAx~ t !#2]y

22]z
21m2%C50. ~39!

Writing C5ei (kxx1kyy1kzz)fk(t), one finds thatfk obeys the
equation

@] t
21Vk~ t !#fk50 ~40!

whereVk(t)5@kx1eAx(t)#21ky
21kz

21m2.
This equation is identical to that studied in Sec. II and c

be analyzed in the same way. To reach an interpretation
first needs to identify the in-mode describing a particle
coming from t52`. This is achieved by decomposingfk

as Ck(t)xk(t)1Dk(t)xk* (t), wherexk(t) is the WKB solu-
tion with unit positive Wronskian of Eq.~40!. The in modes
are then given by imposing the boundary conditionuCk(t5
2`)u251,Dk(t52`)50. ~Notice that the condition on the
coefficientDk is applied on the same ‘‘side’’ of the potentia
in opposition to what is done in the nonrelativistic case.! As
in the nonrelativistic case, the potentialVk(t) induces back-
9-10
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scattering effects and both the coefficientsCk and Dk are
nonvanishing att51`. The conservation of the Wronskia
now reads

15E d3xC* i ]J tC5uCk~ t52`!u2

5uCk~ t51`!u22uDk~ t51`!u2. ~41!

How should one interpret these coefficients att51` and, in
particular, the fact thatCk(t51`).1? This is the content o
the Klein paradox that was discussed in the early days
relativistic quantum field theory@25#.

Probably the simplest way to reach a physical understa
ing is to proceed as in the nonrelativistic case by build
wave packets~in k) and following the classical trajectorie
they describe. One then finds that the wave packets mad
Ckxk follow, both for early and late times, the trajectories
a positive charged particle. But the part of the wave pack
proportional to Dkxk* follows trajectories of negatively
charged particles. Thus the conservation of the Wronsk
expresses charge conservation and the decomposition inCk
andDk is a decomposition into positive and negative charg
particles. Hence the extra charge carried by theCk(t51`)
is compensated by the presence of antiparticles that reat
51`: uDk(t51`)u2.0. Another more mathematical wa
to reach this conclusion is to note that Eq.~39! is invariant
under gauge transformations, and that the Wronskian is
charge associated with the gauge fieldAm .

Once this is realized one still faces the problem of extra
ing ~probabilistic! predictions from the theory. This is don
by second quantizingC: the coefficientCk becomes an op
erator destroying a particle of momentumk. In this frame-
work, one establishes that in addition to the ‘‘elastic’’ sc
tering of initial ~anti!particles, one is describing pa
creation. Even in the in-vacuum state, pairs of particles
spontaneously created with probability amplitudes gover
by the backscattering amplitudeBk5Dk(t51`) calculated
in Eq. ~10!, which in this context are called Bogoljubov co
efficients. If some particle is initially present, one finds th
there is also induced emission. By this reasoning the con
sion that the Wronskian is expressing charge conserva
relied on an external input, namely thatt in Eq. ~40! is an
external time which was allowed to follow asymptotic m
tion. Moreover, the prediction that many pairs can be p
duced can be checked experimentally.

We now discuss how these new effects modify the
namics ofinternal degrees of freedom. The most natural w
to implement internal degrees of freedom is to go back to
~39! and take the momenta along thex,y,z directions to be
the additional degrees of freedom. The model becomes n
trivial when the electric field is not homogeneous, so t
kx ,ky ,kz are not constants of motion~they can be replaced
by adiabatic constants of motion as in Sec. III!. The choice
of how the field should be second quantized is dictated
the spin-statistics theorem@26#; i.e. C is either a bosonic or
a fermionic field. The important conclusion for us is th
these different second quantization procedures are
12351
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equivalent, even if one restricts oneself to the dynamics
the internal degrees of freedom.

To second quantize one first selects a complete se
modes with only positive frequency att52`, fk

in to which
one associates a particle destruction operatorak

in . To the
complex conjugate of these modes one associates an an
ticle destruction operatorbk

in . If we neglect backscattering
then the number operatorsNpart5(kak

in†ak
in and Nanti2part

5(kbk
in†bk

in commute with the second quantized Ham
tonian. The Fock space then decomposes into noninterac
sectors. The simplest sector is the vacuumu0&. The first non-
trivial states are the one particle~or antiparticle! states
(kf (k)ak

in†u0&. These states are exact analogues of the
ward propagating modes in the atomic example of the pre
ous section, and should be interpreted in the same way.
next states are the two particle states(k,k8 f (k,k8)ak

in†ak8
in†u0&

wheref is symmetric or antisymmetric according to the s
tistics of the field. Sincef does not factorize into a product o
a function ofk andk8, the interpretation of this state cann
reduce to that of one particle states. Moreover, the statis
play a role in the determination of the final amplitudes sin
the presence of a particular quantum modifies the spect
of transition amplitudes through either Bose enhancemen
Pauli suppression. Whether or not this has an interpreta
from the point of view of an internal degree of freedom
unclear.

The situation is worse when one takes backscattering
account. In this case, the number operators no longer c
mute with the Hamiltonian because of the nonvanish
character of the Bogoliubov coefficientsBk→k8 @calculated in
Eqs. ~25! and ~26!# relating in and out modes. This implie
that in order to determine the amplitude to find a given st
k in the one particle sector, it is necessary to know all
initial amplitudes~in Fock space! to find particles and anti-
particles. Thus the amount of initial data needed in orde
extract exact predictions from the theory in the one parti
sector is~infinitely! larger than in the nonrelativistic case
For this reason third quantization is not a very attract
alternative since it diminishes the predictivity of quantu
cosmology. Furthermore, the additional ingredients wh
imposed second quantization, namely the presence of an
solute time and of a gauge field coupled toC, are not present
in quantum cosmology. For these reasons it seems advis
in the absence of additional strong arguments in favor o
not to resort to third quantization in quantum cosmology.

IX. CONDITIONAL PROBABILITY INTERPRETATION
BASED ON THE NORM OF C

In the light of the previous examples we now return to t
interpretation of the WDW equation.

For many authors, conservation of probability is a nec
sary requisite for quantum cosmology to possess a cohe
interpretation. The most widely adopted scheme wh
implements from the start unitarity and conservation of pro
9-11
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S. MASSAR AND R. PARENTANI PHYSICAL REVIEW D59 123519
ability is the conditional probability interpretation@27,3#.4 In
this interpretation one identifies

f̃e f f~a,f!5
C~a,f!

AEdfC~a,f!* C~a,f!
~42!

as the amplitude of probability to find matter in statef at
radius a. By construction the norm square off̃e f f is con-
stant, independently of the validity of the WKB approxim
tion or any other condition.

The main problem with this construction is thatf̃e f f ,
contrarily tofe f f

6 defined in Eq.~19!, does not obey a linea
equation~since C does!. Therefore it does not satisfy th
superposition principle. This can be ignored as long as
considers tight wave packets such that the factorization
single gravitational wave, common to all matter states, off
a good approximation. However, once the spread in ma
energy is large, the probabilities significantly vary even
the total absence of interactions. To see this suppose tha
matter Hamiltonian has only two instantaneous eigenst
uc0& anduc1&. Then, in the WKB regime, the wave functio
of the universe is

uC~a!&5C0

expF2 i Ea

dap0~a!G
A2p0~a!

uc0&

1C1

expF2 i Ea

dap1~a!G
A2p1~a!

uc1&. ~43!

Let us further suppose that it is impossible to make tran
tions from state 0 to state 1. Then the instantaneous state
truly stationary,]auc0&5]auc1&50, and the coefficientsC0
andC1 are constant. Using the conditional probability inte
pretation, one then finds that the probability for finding m
ter in stateuc0& is

P~c0ua!5
uC 0u2

uC 0u21@p0~a!/p1~a!#uC 1u2
. ~44!

4Although @3# does not use the name ‘‘conditional probabili
interpretation,’’ it implicitly adopts it. Indeed in@3# the decompo-
sition of the wave function into a gravitational and a matter wave
uniquely fixed by imposing that the matter wave satis
*dfxs* (a,f)xs(a,f)5const. Hence xs(a,f) is identical to

f̃e f f(a,f) defined in Eq.~42!.
Another recent paper that claims that matter evolves unitarily

quantum cosmology@28# contains mathematical errors. Indee
c(ha) in Eq. ~7! must carry an indexn since the equation it obey
depends onn ~see@10# for a discussion of thisn dependence!. But
this implies that the second term on the right hand side of Eq.~10!
is non Hermitian. Furthermore, the third term proportional toV is
non Hermitian~it would only be Hermitian if integrated overha).
Hence the conclusion of@28# that (nucnu2 is constant is incorrect.
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It reduces to the usual expressionP0(a)5uC 0u2 only when
p0(a)/p1(a)51, i.e. whenE05E1. ThereforeP0(a) varies
onceE0ÞE1 through the ratio of the two gravitational mo
mentap0 andp1 entangled with the two matter states by t
constraint. The more remote these energy are, the bigge
effect since the associated momenta will be more differe
Moreover, upon taking into account backscattering effe
the probability receives in addition to the continuous comp
nent a rapidly oscillating component with frequency 2p0
whose origin is the interference between expanding and c
tracting solutions.

In our opinion, these two properties are sufficient to rej
the conditional probability interpretation. Before explainin
our reasons, it is interesting to recall why a similar constr
tion can be meaningful for a nonrelativistic atom. In th
case, the probability to find the atom in electronic statef
under the condition that it be atR is indeed given by Eq.
~42!. What does give meaning to this expression is the p
sibility ~and the necessity! of coupling the atom to a local
ized external device so heavy that its own recoils be ne
gible. Only then does the factorp0 /p1 in Eq. ~44! take
meaning as the relative time each state interacted with
detector, and only then can the forward and backward wa
give rise to the interferences at frequency 2p0. But if one
couples the atom to a measuring device that does not sig
cantly disturb the motion of the nuclei~see Sec. VII!, one
obtains the current interpretation based on Eq.~38! instead
that based on the norm;5 see Eq.~33!.

To present our arguments against Eq.~44! we first recall
the following point. In quantum mechanics, from solutio
of the linear equation determining evolution~which can be
either the Schro¨dinger or the WDW equation! one obtains
that very remote states neither interact nor interfere. Fr
this mathematical property and the conventional interpre
tion of probability amplitudes, one then gets that the pro
abilities of such remote states do not influence each ot
But this fundamental decorrelation of remote configuratio
does not obtain in Eq.~44!.

From an epistemological point of view, the fact that li
earity of the WDW equation does not reflect itself in
simple property of the physical probabilitiesuf̃e f fu2 is dis-
turbing. Indeed, if linearity does not manifest itself in
simple way at the level of observation, why insist that w
start with a linear equation? We might as well introdu
nonlinearity at the level of the WDW equation directly.

In our opinion, the only way to save this interpretatio
probably requires to first restrict the applicability of Eq.~42!
to neighboring states only. But then its status would be ofs

n

5Some authors have proposed to introduce an additional vari
h such that the modified WDW equation readsi ]hC5HC,
thereby recovering a situation similar to that of an atom in a ti
dependent state. It is then very tempting to interpretuC(a,f,h)u2

as the probability to finda andf at h. However, since in cosmol-
ogy one must restrict oneself to questions such that only little m
mentum is transferred toa, one recovers the current interpretatio
of Eq. ~38! ~see Sec. VII!. Thus this latter interpretation naturall
arises irrespective of the use of an additional variable as time.
9-12
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UNITARY AND NONUNITARY EVOLUTION IN QUANTUM . . . PHYSICAL REVIEW D 59 123519
approximate character rather than a starting point fr
which all solutions of the WDW equations can be inte
preted.

X. VILENKIN INTERPRETATION WITHIN THE WKB
REGIME

Of the different interpretations of the wave function of t
universe which have been proposed, the closest to the ph
cal examples presented above is that of Vilenkin@4#, as gen-
eralized in @13#. Indeed the essential lesson of these
amples is that they give physical substance to the coeffici
Cn and Dn . This is not surprising since these coefficien
have the following mathematical properties:

~i! The conserved current is expressed most simply
terms of these coefficients upon working with modes n
malized to unit Wronskian.

~ii ! They obey a linear first order equation ina.
~iii ! If backscattering is neglected, they evolve indepe

dently and unitarily. In the absence of backscattering, th
properties designate theCn andDn as the probability ampli-
tudes for matter to be in staten in the forward or backward
sector. We invite the reader to compare this reasoning w
the original one of Born; see@21#.

Very important is also the fact that in this interpretatio
decoherence effects arise naturally and obey the usual p
erties, in contradistinction to what occurs in the condition
probability interpretation. For instance, when two states
two groups of states have only vanishing matrix elements
He f f(a), their evolution is completely independent. It is th
fully legitimate to interpret the wave function composed
their sum as representing two different universes rather t
a quantum superposition of states residing in the same
verse. This decoherence is the most basic one~when com-
pared to that induced by the environment or measuring
vices! since it is solely determined by the nature of the f
Hamiltonian, i.e. the WDW constraint. It therefore provid
a natural explanation for the fact that one should not cons
quantum superpositions of states giving rise to differ
semi-classical geometries~histories! since these states com
pletely decouple.

The neglection of quantum backscattering effects can
be conceived as a manifestation of decoherence. Indeed
appropriate character of the decomposition into forward
backward solutions~rather than in sines or cosines! follows
from the effective decoupling of these two sets. Thus, th
is a hierarchy of decoherence associated with the hiera
of length scales. Indeed, the decoupling of the forward
backward sectors is the most efficient since backscatte
amplitudes are exponentially smaller than matter transi
amplitudes. This leads to a clear separation of the solut
into two sets characterized by the sign ofpn(a).

Thus the only aspect which differs from that presented
the physical examples of Secs. VII and VIII is the identi
cation of these sets with forward and backward propaga
in time. In the previous examples, it was necessary to us
external time to identify which asymptotic modes correspo
to forward motion att52`. ~Recall that this identification
was different for the nonrelativistic and relativistic e
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amples.! In cosmology, an external time does not exist a
thus the eventual determination of forward motion in tim
i.e. the arrow of time, should be intrinsic. Presumably, t
answer is thermodynamic: if the matter is out of equilibriu
then the arrow of time is determined by the direction
which entropy is increasing. This point of view was recen
advocated in the quantum cosmological context in@29#. If
this is indeed the case, quantum cosmology is incomp
since it can only be interpreted for macroscopical univer
containing enough degrees of freedom so that thermodyn
ics applies. For such universes, the hierarchy of matter
gravity scales that we twice exploit will be well establishe
Therefore it appears that only macroscopic universes ca
meaningfully investigated and interpreted.

XI. INTERPRETATION IN THE PRESENCE
OF BACKSCATTERING

As emphasized by Vilenkin, since the WKB approxim
tion is not exact,‘‘probability’’ and ‘‘unitarity’’ are inher-
ently approximate concepts. Indeed neither the norm offe f f

1

nor of fe f f
2 is separately conserved in the presence of ba

scattering.
However, this is not an insurmountable problem for t

following reason. Any subsystem of the universe, for
stance the degrees of freedom within the cosmological h
zon, is necessarily an open system and its dynamics is th
fore necessarily nonunitary. The coupling between forw
and backward propagating universes will appear to this s
system as an additional coupling to the environment. F
thermore, this coupling gives rise to exponentially small
fects, with approximately the ratio of the Hubble radius
the wavelength of the universe appearing in the exponen
Hence it is completely negligible compared to the other c
plings to the environment at least for macroscopic univers

Having said this, one may nevertheless want to kn
what the possible effects of backscattering could be
however small they are—and how they should be int
preted.

A first point to be noticed is that in most realistic co
mologies, backscattering cannot be dissociated from eff
at the origin of the universe, the reason being that the
tance (d ln p/da)21 over which the backscattering occurs
comparable to the distance to the origin of the universe.
this reason backscattering and its interpretation may be
mately linked to the ultraviolet structure of quantum gravi
If this is the case, the interpretation cannot be discusse
the context of a truncated WDW equation.

Nevertheless, one may imagine universes in wh
asymptotic regions exist. Then backscattering events ca
localized and their amplitudes properly evaluated. In t
case, one can inquire into their interpretation even in
context of simplified WDW equations. As discussed in Se
VII and VIII there are at least two consistent interpretatio
of backscattering. In both cases the choice of interpreta
was dictated by reinserting the system into a wider conte
In the cosmological context we do not know into what~if
any! wider context the WDW equation fits, and thus the p
cise way backscattering should be interpreted is unclear
9-13
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Let us nevertheless briefly discuss the consequence
backscattering. For a subsystem of the universe which is
ward propagating, the effect of backscattering is included
averaging over the~unknown! state of the rest of universe. I
a first quantized context, the rest of the universe would s
ply be the backward propagating waves. In the second qu
tized context it would correspond to all the other sectors
the theory with different ‘‘universe and antiuniverse num
bers.’’ Thus the averaging and hence, the effect of the a
aging are different in both cases.

Moreover, the interpretation of backscattered wav
themselves is problematic. For instance what is the phys
principle which would determine the arrow of time in th
part of the wave function whose origin is backscattering?
be concrete, consider a solution of the WDW equation wh
for a!a0 contains onlyCn coefficients, but fora@a0 con-
tains bothCn andDn coefficients (a0 is the center of the
region where the backscattering occurs!. From Sec. V we
know that theDn(a) coefficients will ultimately be more o
less thermally distributed with a very low temperature.
which direction does the arrow of time point for theDn
coefficients? Isa.a0 the origin or the end of the universe
n
r

v

nd
-

. A
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In conclusion the separation between forward and ba
ward propagating universes, and hence the appearance
effective Schro¨dinger equation for matter, appears to be
more robust concept than previously thought. Indeed the
rections to the Schro¨dinger equation are exponentiall
smaller than any matter transitions. On the other hand
precise way the backscattering manifests itself does not s
to be constrained by the WDW equation—at least in
simple models we have considered in this paper. Hopef
this interpretational problem can be resolved once we ha
deeper understanding of the structure of quantum grav
The inclusion of anisotropies and inhomogeneities, and m
importantly of the ultraviolet sector of the theory, could le
to a unique consistent interpretation.
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